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PROJECTIVE LIMITS TECHNIQUES FOR THE INFINITE
DIMENSIONAL MOMENT PROBLEM
MARIA INFUSINO, SALMA KUHLMANN, TOBIAS KUNA, PATRICK MICHALSKI
Abstract. We deal with the following general version of the classical mo-
ment problem: when can a linear functional on a unital commutative real
algebra A be represented as an integral w.r.t. a Radon measure on the char-
acter space X(A) of A equipped with the Borel σ–algebra generated by the
weak topology τA? We approach this problem by constructing X(A) as a
projective limit of a certain family of Borel measurable spaces and so by con-
sidering on X(A) two natural measurable structures: the associated cylinder
σ–algebra and the Borel σ–algebra generated by the corresponding projective
topology which coincides with τA. This allows us to obtain representations
of linear functionals fulfilling certain positivity properties as integrals w.r.t.
measures defined on the cylinder σ–algebra on X(A). Combining these results
with the well-known Prokhorov theorem, we get extensions of such measures
to the Borel σ–algebra. We exploit this to derive results for infinitely (even
uncountably) generated algebras by means of classical theorems for finitely
generated algebras, as for example Riesz-Haviland’s theorem and Nussbaum’s
theorem. Using our projective limit technique, we also investigate the problem
of localizing the support of the representing measure and obtain a represen-
tation theorem for linear functionals nonnegative on a partially Archimedean
quadratic module of A. Our results apply in particular to the case when A is
the polynomial algebra in an arbitrary number of variables or the symmetric
tensor algebra S(V ) of a real vector space V of arbitrary dimension, providing
alternative proofs (and in some cases stronger versions) of some recent results
for these instances of the moment problem and offering at the same time a
unified setting which enables comparisons.
Introduction
The main question of this paper is the following general version of the classical
moment problem:
Problem 0.1.
Let A be a unital commutative R–algebra and let Σ be a σ–algebra on the character
space X(A) of A. Given K ∈ Σ and a linear functional L : A→ R with L(1) = 1,
does there exist a measure ν defined on Σ such that L(a) =
∫
X(A) α(a) dν(α) for
all a ∈ A and ν is supported on K, i.e., ν(X(A) \K) = 0?
If such a measure ν does exist, we say that ν is a K–representing measure on Σ
for L and that L is represented by ν on K. In the following we assume that X(A)
is non-empty and endow it with the weakest topology τA such that for all a ∈ A
the function aˆ : X(A) → R defined by aˆ(α) := α(a) is continuous. We denote by
BA the Borel σ–algebra on (X(A), τA).
Problem 0.1 for A = R[X1, . . . , Xd] =: R[X ], Σ = BA and ν being a Radon
measure coincides with the classical d–dimensional K–moment problem. Indeed,
using that the identity is the unique R–algebra homomorphism from R to R, it can
be easily proved that any R–algebra homomorphism from R[X] to R corresponds
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to a point evaluation p 7→ p(α) with α ∈ Rd and so that there exists a topological
isomorphism φ : Rd → X(R[X]) (see e.g. [29, Proposition 5.4.5]).
Problem 0.1 is general enough to cover several infinite dimensional instances of
the moment problem already considered in the literature, e.g. A can be infinitely
generated or K can be an infinite dimensional vector space. For example, several
works have been devoted to the study of Problem 0.1 for A being the symmetric
algebra S(V ) of a locally convex space V (not necessarily finite dimensional) and
Σ = BA (see, e.g., [2, Chapter 5, Section 2], [3], [7], [20], [12], [23],[21], [24], [35,
Section 12.5], [37]). The case when A is the algebra of polynomials in infinitely
many variables was specifically considered in [1] and [16]. In [16] and, more recently,
in [37], Problem 0.1 is considered for Σ being a σ–algebra smaller than the Borel
σ−algebra. There has been actually lot of activity about Problem 0.1 for topological
algebras and representing Radon measures (see, e.g., [4], [13], [14], [15], [17], [25],
[22], [27], [34] in addition to some of the work mentioned above about S(V )). In this
article we do not consider any topology on our algebras when studying Problem 0.1
and, as for the classical case, our final purpose is to find necessary and sufficient
conditions for the existence of a K–representing Radon measures on X(A), i.e.
locally finite and inner regular measures on BA.
Our approach relies on the construction of X(A) as a projective limit of the
family of Borel measurable spaces consisting of all (X(S),BS) for S ∈ J , where J
is the collection of all finitely generated unital subalgebras of A (see Section 2
for details). This construction naturally provides a new measurable structure on
X(A), namely the cylinder σ–algebra ΣJ which is in general smaller than BA. In
Theorem 3.1 we prove that a linear L : A→ R has a X(A)−representing measure
on ΣJ whenever L↾S has a X(S)−representing Radon measure on BS for all S ∈ J .
Note that we do not require that the X(S)−representing Radon measure on BS is
unique. We also show a more general version of this result in Theorem 3.2, which
deals with the support of the representing measure. This allows us to reduce (see
Corollary 3.5) the solvability of Problem 0.1 for Σ = ΣJ and any K ⊆ X(A) to the
solvability of a whole family of classical piS(K)−moment problems where piS is the
canonical restriction from X(A) to X(S) for S ∈ J (classical because each S ∈ J
is finitely generated). Hence, exploiting the classical (finite dimensional) moment
theory we get existence criteria for representing measures on ΣJ .
These results naturally lead to consider the problem of extending a representing
measure on ΣJ for a linear functional L on A to a Radon measure on BA represent-
ing the same L. The problem of extending measures defined on a cylinder σ–algebra
corresponding to a projective limit of measurable spaces to a Borel measure was
already considered in the general theory of projective limits (see Section 1). In
particular, Prokhorov in 1956 proved a necessary and sufficient (tightness) condi-
tion for extending a measure on a cylinder σ–algebra (corresponding to a projective
limit of Borel measurable spaces associated to Hausdorff topological spaces) to a
Radon measure. Combining the Prokhorov theorem with our results about the
existence of representing measures on ΣJ , we obtain an infinite dimensional ana-
logues of Riesz-Haviland’s theorem (Theorem 3.9) and Nussbaum’s theorem (The-
orem 3.14). Concerning the localization of the support, we provide an alternative
proof of the famous Jacobi-Prestel Positivstellensatz (Theorem 3.18) and we extend
to this general setting [27, Theorem 3.2] and [24, Theorem 5.1] about representing
Radon measures for linear functionals which are nonnegative on a quadratic mod-
ule and satisfy some quasi-analytic bounds (Theorem 3.12). Our projective limit
approach actually allows us to determine sufficient conditions for the existence of
representing Radon measures for a larger class of linear functionals including the
ones considered in the Theorems 3.18 and 3.12 (see Theorem 3.20).
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Note that projective limit techniques have been previously used to study sparse
polynomials, also in relation to the moment problem [26]. The projective limit
approach introduced here has the advantage of providing a unified setting which
enables to compare several recent results about infinite dimensional instances of
Problem 0.1. In particular, applying our results to the case when A is the polyno-
mial algebra in an arbitrary number of variables or the symmetric tensor algebra
S(V ) of a real vector space V of arbitrary dimension, we are able to retrieve and
in some cases also to prove stronger versions of some of the results in [1] and [16].
Let us shortly describe the organization of this paper. In Section 1.1, we recall the
definition of projective limit of a projective system of measurable spaces and fix the
terminology for the natural objects induced by the projective limit construction. In
particular, we define the cylinder algebra and study some properties of cylindrical
quasi-measures, i.e. set functions on the cylinder algebra whose projections on
each space of the projective system is a Radon measure. Section 1.2 is dedicated
to the so-called Prokhorov’s (ε-K) condition, which will play a fundamental role
throughout the whole paper. In Section 1.3 (resp. Section 1.4) we discuss the
problem of extending cylindrical quasi-measures to actual measures on the cylinder
σ–algebra (resp. to Radon measures on the Borel σ–algebra) on the projective limit
space. Note that most of the material in Section 1 can be found in literature see e.g.
[38], but often with no so detailed proofs. For this reason, we decided to provide the
reader with a detailed proof of both Theorem 1.9 and Theorem 1.14 (i.e. Prokhorov
theorem) as they are a fundamental tools for our approach. In Section 2, we show
how to construct the character space X(A) of a unital commutative R–algebra A as
projective limit of the projective system {(X(S),BS), piS , J}, where X(S),BS, piS , J
are the ones defined above. In the last part of this section, we analyze the relation
between the cylinder σ–algebra ΣJ given by this construction and the σ–algebra of
constructibly Borel sets introduced in [16]. Section 3 is devoted to the main results
on Problem 0.1 obtained through our projective limit approach, which have been
already described earlier.
Summing up, the projective limit approach seems to be a powerful method in
the investigation of Problem 0.1, because it provides a direct bridge to a spectrum
of tools and results coming from two very rich theories: on the one hand the theory
of the classical moment problem and on the other one the theory of projective
limits. We are strongly convinced that this method can bring new advances on
Problem 0.1 also for the case of linear functionals on topological algebras as well
as for the truncated case, opening the way to new interesting applications also in
other fields.
1. Preliminaries
In this section we collect the notions and results from the theory of projective
limits needed for our purposes. We mainly follow [38] (see also [6], [10], [32]).
1.1. Cylindrical quasi-measures.
Let (I,<) be a directed partially ordered set and let {(Xi,Σi), pii,j , I} be a
projective system of measurable spaces (Xi,Σi) with maps pii,j : Xj → Xi defined
for all i ≤ j in I. Recall that this means that pii,j is measurable for all i ≤ j in I
and that pii,j ◦ pij,k = pii,k for all i ≤ j ≤ k. As a convention, for all i ∈ I, we set
pii,i to be the identity on Xi.
Definition 1.1 (Projective limit of measurable spaces).
A projective limit of the projective system {(Xi,Σi), pii,j , I} is a measurable space
(XI ,ΣI) together with a family of maps pii : XI → Xi for i ∈ I such that:
pii,j ◦ pij = pii for all i ≤ j in I, ΣI is the smallest σ−algebra w.r.t. which all pii’s
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are measurable, and the following universal property holds. For any measurable
space (Y,ΣY ) and any family of measurable maps fi : Y → Xi defined for all i ∈ I
and such that fi = pii,j ◦ fj for all i ≤ j, there exists a unique measurable map
f : Y → XI such that pii ◦ f = fi for all i ∈ I. Moreover, {(XI ,ΣI), pii, I} is
unique up to isomorphisms, i.e., given any other projective limit {(X˜I , Σ˜I), p˜ii, I}
of the same projective system there exists a unique bijective map between (X˜I , Σ˜I)
and (XI ,ΣI) such that the map and its inverse are both measurable.
Note that the projective limit of a projective system of measurable spaces always
exists. Indeed, if we take XI :=
{
(xi)i∈I ∈
∏
i∈I Xi : xi = pii,j(xj), ∀ i ≤ j in I
}
,
ΣI to be the restriction of the product σ–algebra to XI and, for any i ∈ I we define
pii : XI → Xi to be the restriction to XI of the canonical projection
∏
j∈I Xj → Xi,
then it is easy to show that {(XI ,ΣI), pii, I} fulfils Definition 1.1.
Clearly, one can analogously define a projective system of topological spaces
(resp. vector spaces) and its projective limit by replacing measurability with con-
tinuity (resp. linearity) in the previous definitions.
It is often more convenient to take the projective limit over a cofinal subset of
the index set in a given projective system. This does not change the projective
limit as showed in the following proposition (which is a refinement of [9, III., §7.2,
Proposition 3]).
Proposition 1.2. Let {(XI ,ΣI), pii, I} be the projective limit of the projective sys-
tem {(Xi,Σi), pii,j , I} and let J be a cofinal subset of I, i.e., for every i ∈ I, there
exists some j ∈ J such that j ≥ i. Then {(XI ,ΣI), pii, J} is the projective limit of
the projective system {(Xi,Σi), pii,j , J}.
Proof. Since J ⊂ I, it is immediate that pij = pij,k ◦ pik for all j ≤ k in J and
that pij : (XI ,ΣI) → (Xj ,Σj) is measurable for all j ∈ J . Moreover, ΣI is the
smallest σ–algebra such that all pij with j ∈ J are measurable. Indeed, if there
exists a σ−algebra Σ on XI such that Σ ⊆ ΣI and all pij : (XI ,Σ)→ (Xj ,Σj) with
j ∈ J are measurable, then for any i ∈ I there exists j ∈ J such that i ≤ j and so
pii = pii,j ◦ pij . This yields that pii : (XI ,Σ) → (Xi,Σi) is measurable for all i ∈ I
and so ΣI ⊆ Σ.
It remains to show that {(XI ,ΣI), pii, J} satisfies the universal property w.r.t.
the projective system {(Xi,Σi), pii,j , J}. Let (Y,ΣY ) be a measurable space and for
each j ∈ J let fj : Y → Xj be a measurable map such that fj = pij,k ◦ fk whenever
j ≤ k in J . For any i ∈ I \ J and any j ∈ J such that j ≥ i, define fi := pii,j ◦ fj
(note that fi is measurable as a composition of measurable maps) which can be
easily showed to be well-defined by using the cofinality of J in I1.
For any n ≤ m in I, we have that there exists j ∈ J such that j ≥ m ≥ n and
so pin,m ◦ fm = pin,m ◦ (pim,j ◦ fj) = pin,j ◦ fj = fn. Then, as {(XI ,ΣI), pii, I} is
the projective limit of the projective system {(Xi,Σi), pii,j , I}, there exists a unique
measurable map f : Y → XI such that fi = pii ◦ f for all i ∈ I. It remains to show
that f is the unique map from Y to XI such that fj = pij ◦ f for all j ∈ J . If
g : Y → XI is such that fj = pij ◦ g for all j ∈ J , then for each i ∈ I there exists
j ∈ J such that j ≥ i and so
fi = pii,j ◦ fj = pii,j ◦ (pij ◦ g) = (pii,j ◦ pij) ◦ g = pii ◦ g,
which yields f ≡ g. 
1 Let i ∈ I \ J and suppose that j1, j2 ∈ J are such that j1, j2 ≥ i. Then, by using that I is
directed and J is cofinal in I, there exists k ∈ J such that k ≥ j1, j2. Therefore, we have
πi,j1 ◦ fj1 = πi,j1 ◦ (πj1,k ◦ fk) = πi,k ◦ fk = πi,j2 ◦ (πj2,k ◦ fk) = πi,j2 ◦ fj2 .
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The following definitions are well-known. Below, we sightly adapt the terminol-
ogy of [38, Part I Chapter I, §10, Part II, Chapter II, §1] to our purposes.
Definition 1.3. Let P := {(Xi,Σi), pii,j , I} be a projective system of measurable
spaces and {(XI ,ΣI), pii, I} its projective limit.
a) A cylinder set in XI is a set of the form pi
−1
i (M) for some i ∈ I and M ∈ Σi.
In other words, pi−1i (M) belongs to the σ–algebra pi
−1
i (Σi) generated by pii.
b) The collection CI of all the cylinders sets in XI forms an algebra, which is usually
called the cylinder algebra on XI . (In general, CI is not a σ–algebra.)
c) The smallest σ–algebra containing all the cylinders sets in XI is said to be the
cylinder σ–algebra on XI and clearly coincides with ΣI .
d) An exact projective system of measures on P is a family {µi : i ∈ I} such that
each µi is a measure on Σi and pii,j#µj = µi for all i ≤ j in I, where pii,j#µj
denotes the pushforward of µj w.r.t. pii,j, i.e., pii,j#µj(Ei) = µj(pi
−1
i,j (Ei)) for
all Ei ∈ Σi.
e) A cylindrical quasi-measure µ w.r.t. P is a set function µ on CI such that pii#µ
is a measure on Σi for all i ∈ I.
The next proposition can be deduced from [38, p. 79] and relates cylindrical
quasi-measures to exact projective systems of measures.
Proposition 1.4. Let P := {(Xi,Σi), pii,j , I} be a projective system of measurable
spaces. There is a one-to-one correspondence between cylindrical quasi-measures
w.r.t. P and exact projective systems of measures on P. More precisely, for any
cylindrical quasi-measure µ w.r.t. P, the family {pii#µ : i ∈ I} forms an exact
projective systems of measures on P and, conversely, for any exact projective sys-
tems of measures {µi : i ∈ I} on P there exists a unique cylindrical quasi-measure
µ w.r.t. P such that for all i ∈ I holds pii#µ = µi. In this case µ is called the
cylindrical quasi-measure corresponding to {µi : i ∈ I}.
Proof. Suppose that µ is a cylindrical quasi-measure w.r.t. P . Then, by definition,
pii#µ is a measure on Σi for all i ∈ I and for all i ≤ j in I we have that
pii,j#(pij#µ) = (pii,j ◦ pij)#µ = pii#µ
Hence, {pii#µ : i ∈ I} is an exact projective system of measures on P .
Conversely, suppose {µi : i ∈ I} is an exact projective system of measures on P .
Define µ : CI → R as µ(pi−1i (Ei)) := µi(Ei) for all Ei ∈ Σi and all i ∈ I. Then µ
is well-defined on CI . Indeed, if pi−1i (Ei) = pi−1j (Ej) for some i < j in I, Ei ∈ Σi
and Ej ∈ Σj , then, using that pii,j ◦ pij = pii, we get that pi−1j (pi−1i,j (Ei)) = pi−1j (Ej)
and combining the latter with the compatibility condition pii,j#µj = µi we obtain
µ(pi−1i (Ei)) = µi(Ei) = µj(pi
−1
i,j (Ei)) = µ(pi
−1
j (pi
−1
i,j (Ei))) = µ(pi
−1
j (Ej)). 
Cylindrical quasi-measures are not measures since they are set functions which
are not necessarily σ–additive for countable disjoint unions of sets in CI even when
such a union belongs to CI . In other words, a cylindrical quasi-measure is in general
not even a pre-measure. In the following, we will discuss when cylindrical quasi-
measure can be extended to measures on ΣI . For this purpose, we will restrict
our attention to projective systems of measurable spaces associated to projective
systems of topological spaces.
1.2. Prokhorov’s (ε-K)–condition.
Let (I,<) be a directed partially ordered set and T := {(Xi, τi), pii,j , I} a projec-
tive system of Hausdorff topological spaces. Denote by {(XI , τI), pii, I} the projec-
tive limit of T . Then (XI , τI) is Hausdorff and we can either equip it with the Borel
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σ–algebra BI w.r.t. τI or the cylinder σ–algebra ΣI obtained by taking the projec-
tive limit of the projective system of measurable spaces PT := {(Xi,Bi), pii,j , I},
where Bi is the Borel σ−algebra on Xi w.r.t. τi. Note that ΣI ⊆ BI .
We introduce now the (ε-K)–condition, due to Prokhorov [32], will be crucial
throughout this paper:
(1.1) ∀ε > 0 ∃ Kε ⊂ XI compact s.t. ∀i ∈ I : µi(pii(Kε)) ≥ 1− ε,
where {µi : i ∈ I} is the exact projective system corresponding to µ. In the
following we provide sufficient conditions for (1.1) to be fulfilled. To this purpose,
let us show a preparatory lemma (which is essentially [8, I., §9.6, Proposition 8])
and give some definitions.
Lemma 1.5. For i ∈ I, let Ki ⊆ Xi be compact such that pii,j(Kj) ⊆ Ki for
all j ∈ I with j ≥ i. Then K := ⋂i∈I pi−1i (Ki) is compact and for each i ∈ I,
pii(K) =
⋂
j≥i pii,j(Kj).
Proof. By assumption {(Ki, τi ∩Ki), pii,j ↾Ki , I} is a projective system of compact
topological spaces and its projective limit (seen as a subset of
∏
i∈I Ki) is iden-
tified with
⋂
i∈I pi
−1
i (Ki). Then the conclusion directly follows from [8, I., §9.6,
Proposition 8]. 
Recall that a Radon measure on an arbitrary Hausdorff topological space (X, τ)
is a measure µ defined on the Borel σ−algebra Bτ on X w.r.t. τ such that µ
is locally finite (i.e., every point in X has a neighbourhood of finite measure) and
inner regular w.r.t. compact subsets of X (i.e., for anyM ∈ Bτ , µ(M) = sup{µ(K) :
K ⊆M compact}).
Definition 1.6. An exact projective system of Radon probability measures w.r.t.T
(or on PT ) is an exact projective system {µi : i ∈ I} of measures w.r.t. T such that
each µi is Radon measure on Bi and µi(Xi) = 1 for all i ∈ I.
Proposition 1.7. Let {µi : i ∈ I} be an exact projective system of Radon proba-
bility measures w.r.t. T . If for each i ∈ I there exists Ki ⊆ Xi compact such that
µi(Ki) = 1 and pii,j(Kj) ⊆ Ki for all j ∈ I with j ≥ i, then {µi : i ∈ I} fulfils
(1.1).
Proof. By Lemma 1.5, K :=
⋂
i∈I pi
−1
i (Ki) is compact and pii(K) =
⋂
j≥i pii,j(Kj)
for all i ∈ I. Fix i ∈ I and consider
(1.2) Xi \ pii(K) =
⋃
j∈I,j≥i
(Xi \ pii,j(Kj)) .
Note that for any j, k ∈ I such that i ≤ j ≤ k, we have
(1.3) Xi \ pii,j(Kj) ⊆ Xi \ pii,j(pij,k(Kk)) = Xi \ pii,k(Kk).
Let ε > 0. Since µi is inner regular w.r.t. the compact subsets of Xi and
Xi\pii(K) is open inXi, we have that there exists C ⊆ Xi\pii(K) compact such that
µi(Xi \ pii(K)) ≤ µi(C) + ε. Hence, by (1.2), we have that
⋃
j∈I,j≥i (Xi \ pii,j(Kj))
is an open cover of C and so the compactness of C guarantees that there exist
F ⊆ {j ∈ I : j ≥ i} finite such that C ⊆ ⋃j∈F (Xi \ pii,j(Kj)). Since I is directed,
there is k ∈ I such that j ≤ k for all j ∈ F and so
(1.4) C ⊆
⋃
j∈F
(Xi \ pii,j(Kj))
(1.3)
⊆ Xi \ pii,k(Kk).
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Therefore, we have that µi(Xi \pii(K)) ≤ µi(C)+ε
(1.4)
≤ µi(Xi \pii,k(Kk))+ε, which
implies
µi(pii(K)) ≥ µi(pii,k(Kk)) − ε = µk(pi−1i,k (pii,k(Kk)))− ε ≥ µk(Kk)− ε = 1− ε.
and hence, (1.1) holds with Kε = K. 
Proposition 1.8 can be found in [38, Corollary, p.81], but we include here the
details of its proof for the convenience of the reader.
Proposition 1.8.
If I contains a cofinal countable subset, then any exact projective system of Radon
probability measures {µi : i ∈ I} w.r.t. T fulfils (1.1).
Proof. Let us first consider the case when I = N.
Since µ1 is inner regular w.r.t. compact subsets of X1, there exists K1 ⊂ X1
compact such that µ1(K1) ≥ 1− ε2 . As pi−11,2(K1) ∈ B2, using the inner regularity of
µ2, we can choose K2 ⊂ pi−11,2(K1) compact such that µ2(K2) ≥ µ2(pi−11,2(K1))− ε22 =
µ1(K1) − ε22 . Hence, we can inductively construct a sequence (Kn)n∈N such that
for each n ∈ N: Kn ⊂ Xn is compact, Kn ⊆ pi−1n−1,n(Kn−1) and
µn+1(Kn+1) ≥ µn(Kn)− ε
2n+1
.
By iterating, we get that for all n ∈ N
(1.5) µn(Kn) ≥ 1− ε
n∑
k=1
2−k ≥ 1− ε.
The sequence (pim,n(Kn))n∈N is a decreasing sequence of compact spaces in Xm,
because for all n ≥ m we get: pim,n+1(Kn+1) ⊆ pim,n+1(pi−1n,n+1(Kn)) ⊆ pim,n(Kn).
Hence, for any m ∈ N we have:
(1.6) lim
n→∞
pim,n(Kn) =
⋂
n≥m
pim,n(Kn).
Define K :=
⋂
n∈N pi
−1
n (Kn) ⊂ XI . Then, Lemma 1.5 guarantees that K is compact
and for any m ∈ N we have
(1.7) pim(K) =
⋂
n≥m
pim,n(Kn)
and so, by using (1.6) and (1.7) together with the dominated convergence theorem,
we get that
(1.8) lim
n→∞
µm(pim,n(Kn)) = µm(pim(K)).
By recurrence, we also have that for any n ≥ m
µm(pim,n(Kn)) = µn(pi
−1
m,n(pim,n(Kn))) ≥ µn(Kn)
(1.5)
≥ 1− ε.
The latter together with (1.8) implies that µm(pim(K)) ≥ 1 − ε for all m ∈ N and
so (1.1) holds for I = N.
Consider a countable cofinal subset J of I. By the first part of the proof we get
∀ε > 0 ∃ K ⊂ XJ compact s.t. ∀j ∈ J : µj(pij(K)) ≥ 1− ε.
By the universal property of the projective limit, there exists a unique continuous
map f : XJ → XI such that pij = pij ◦f for all j ∈ J . Hence, K˜ := f(K) is compact
in XI and by the cofinality of J in I, we get that for all i ∈ I there exists j ∈ J
such that j ≥ i and so
µi(pii(K˜)) = µi(pii,j(pij(K˜))) ≥ µj(pij(f(K))) = µj(pij(K)) ≥ 1− ε. 
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1.3. Extension to the cylinder σ–algebra ΣI .
In this subsection we will see that under very mild assumptions one can extend
a cylindrical quasi-measure to a measure on the cylinder σ–algebra.
Theorem 1.9. Let (I,<) be a directed partially ordered set, T := {(Xi, τi), pii,j , I}
a projective system of Hausdorff topological spaces, {(XI , τI), pii, I} its projective
limit and {µi : i ∈ I} an exact projective system of Radon probability measures
w.r.t. T . Then there exists a unique measure ν on the cylinder σ−algebra ΣI on
XI such that pii#ν = µi for all i ∈ I. In particular, ν(XI) = 1.
Proof. Denote by µ the cylindrical quasi-measure corresponding to {µi : i ∈ I} and
by µ∗ the outer measure associated to µ. Then the measure ν := µ∗ ↾ΣI is the
unique extension of µ to ΣI and satisfies pii#ν = µi for all i ∈ I by Corollary 1.11.
Clearly, ν(XI) = 1.
Suppose ν′ is another measure on ΣI such that pii#ν
′ = µi for all i ∈ I. Then
ν′(E) = ν(E) for all E ∈ CI , i.e., ν′ is an extension of µ and so ν′ = ν on ΣI by
the uniqueness in Corollary 1.11. 
Lemma 1.10. Let J ⊆ I be countable and directed. Let {(XJ , τJ ), fj , J} be the
projective limit of {(Xj , τj), pij,k, J}. The cylindrical quasi-measure µ corresponding
to {µj : j ∈ J} extends to a measure on ΣJ .
Proof. Recall that µ is defined by µ(f−1j (Ej)) := µj(Ej) for all j ∈ J and all
Ej ∈ Bj and is finite since µ(XJ ) = µ(f−1j (Xj)) = µj(Xj) = 1.
Then, for any j, k ∈ J , Ej ∈ Bj and Ek ∈ Bk such that f−1k (Ek) ∩ f−1j (Ej) = ∅,
there exists l ∈ J such that l ≥ j, k as J is directed. Therefore,
µ(f−1j (Ej) ∪ f−1k (Ek)) = µ(f−1l (f−1j,l (Ej)) ∪ f−1l (f−1k,l (Ek)))
= µ(f−1l (pi
−1
j,l (Ej) ∪ f−1k,l (Ek)))
= µk(f
−1
j,l (Ej) ∪ f−1k,l (Ek))
= µk(f
−1
j,l (Ej)) + µk(f
−1
k,l (Ek))
= µj(Ej) + µk(Ek)
= µ(f−1j (Ej)) + µ(f
−1
k (Ek)),
which ensures that µ is a finitely additive set function on the cylinder algebra CJ .
The σ–additivity of µ is equivalent to show that any decreasing sequence (E˜n)n∈N
in CJ with infn∈N µ(E˜n) > 0 satisfies
⋂
n∈N E˜n 6= ∅.
Let 0 < ε < infn∈N µ(E˜n). For any n ∈ N, there exists jn ∈ J such that
E˜n = f
−1
jn
(En) with En ∈ Bjn . As J is directed, we can always assume that (jn)n∈N
is increasing. Then, by the inner regularity of µjn w.r.t. compact subsets of Xjn ,
there existsKn ⊂ En compact such that µjn(Kn) > ε and µjn(Kn) > µjn(En)− ε4n .
For each n ∈ N, set K˜n := f−1jn (Kn) and note that
(1.9) K˜i ∩ K˜n = K˜n \ (E˜i \ K˜i), ∀i ≤ n.
Then, for any n ∈ N, we get that
K˜n \
n−1⋃
i=1
(E˜i \ K˜i) =
n−1⋂
i=1
(
K˜n \ (E˜i \ K˜i)
)
(1.9)
=
n−1⋂
i=1
(
K˜i ∩ K˜n
)
=
n⋂
i=1
K˜i.
Set K˜ ′n :=
⋂n
i=1 K˜i ∈ CJ and note that K˜ ′n =
⋂n
i=1 f
−1
ji
(Kji) = f
−1
jn
(
⋂n
i=1 f
−1
ji,jn
(Kji)) =
f−1jn (Fn), where Fn :=
⋂n
i=1 f
−1
ji,jn
(Kji) ∈ Xjn , which implies K˜ ′n = f−1jn (fjn(K˜ ′n))
as
K˜ ′n ⊆ f−1jn (fjn(K˜ ′n)) = f−1jn (fjn(f−1jn (Fn))) ⊆ f−1jn (Fn) = K˜ ′n.
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We obtain
µ(K˜ ′n) = µ
(
K˜n \
n−1⋃
i=1
(E˜i \ K˜i)
)
= µ(K˜n)− µ
(
n−1⋃
i=1
(E˜i \ K˜i)
)
≥ µ(K˜n)−
n−1∑
i=1
(
µ(E˜i)− µ(K˜i)
)
= µ(f−1jn (Kn))−
n−1∑
i=1
(
µ(f−1ji (Ei))− µ(f−1ji (Ki))
)
= µjn(Kn)−
n−1∑
i=1
(µji(Ei)− µji(Ki))
> ε−
n∑
i=1
ε
4i
> ε−
∞∑
i=1
ε
4i
=
2
3
ε >
1
2
ε
and so
(1.10) µjn(fjn(K˜
′
n)) = µ(f
−1
jn
(fjn(K˜
′
n))) = µ(K˜
′
n) >
1
2
ε.
By Proposition 1.8, there exists a compact subset K of XJ such that µjn(fjn(K)) >
1− 12ε for all n ∈ N. This together with (1.10) implies that fjn(K˜ ′n) ∩ fjn(K) 6= ∅.
Hence, there exist x ∈ K˜ ′n and y ∈ K such that fjn(x) = fjn(y) and so y ∈
f−1jn (fjn(K˜
′
n)) = K˜
′
n, i.e. y ∈ K˜ ′n ∩ K. As for each n ∈ N the set K˜ ′n ∩ K is a
non-empty compact subset of XJ and (K˜
′
n+1 ∩K) ⊂ (K˜ ′n ∩K), we have that
∅ 6=
⋂
n∈N
(
K˜ ′n ∩K
)
⊆
⋂
n∈N
K˜ ′n ⊆
⋂
n∈N
E˜n.
It follows that
⋂
n∈N E˜n 6= ∅.
Therefore, µ is a finite pre-measure on CJ and, since XJ ∈ CJ , the Caratheodory
extension theorem guarantees that µ extends to a measure on σ(CJ ) = ΣJ . 
Corollary 1.11. Let µ∗ be the outer measure associated to the cylindrical quasi-
measure µ corresponding to {µi : i ∈ I}. The restriction of µ∗ to ΣI is the unique
extension of µ to ΣI and pii#µ
∗ = µi for all i ∈ I.
Proof. Recall that µ is defined by µ(pi−1i (Ei)) := µi(Ei) for all i ∈ I and all Ei ∈ Bi
and is finite since µ(XI) = µ(pi
−1
i (Xi)) = µi(Xi) = 1. Similarly to Lemma 1.10 one
can show that µ is a finitely additive set function on the cylinder algebra CI .
The σ–additivity of µ is equivalent to show that any decreasing sequence (E˜n)n∈N
in CI with infn∈N µ(E˜n) > 0 satisfies
⋂
n∈N E˜n 6= ∅.
For any n ∈ N, there exists in ∈ I such that E˜n = pi−1in (En) with En ∈ Bin .
As I is directed, we can always assume that J := (in)n∈N is increasing. Let
{(XJ , τJ), fj , J} be the projective limit of {(Xj , τj), pij,k, J}. As pij = pij,k ◦ pik
for all j ≤ k in J , by the universal property of the projective limit {(XJ , τJ), fj , J}
there exists a measurable map f : XI → XJ such that pij = fj ◦ f for all j ∈ J .
The pushforward f#µ coincides with the cylindrical quasi-measure corresponding
to {µj : j ∈ J} as fj#(f#µ) = pij#µ = µj for all j ∈ J . Hence, f#µ extends to a
measure ν on ΣJ = σ(CJ ) by Lemma 1.10. Define a set function λ : ΣJ → R+ by
λ(f−1(EJ )) := ν(EJ ) for EJ ∈ ΣJ and note that λ coincides with µ on f−1(CJ ).
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Set F1 := E1 ⊆ Xi1 and recursively define Fn+1 := En+1∩pi−1in,in+1(Fn) ⊆ Xin+1 .
Then pi−1i1 (F1) = pi
−1
i1
(E1) = E˜1 and for n > 1 we have
pi−1in+1(Fn+1) = pi
−1
in+1
(En+1) ∩ pi−1in+1(pi−1in,in+1(Fn))
= E˜n+1 ∩ pi−1in (Fn) = E˜n+1 ∩ E˜n = E˜n+1
as E˜n+1 ⊆ E˜n for all n ∈ N. Moreover,
f−1n+1(Fn+1) = f
−1
n+1(En+1) ∩ f−1n+1(pi−1in,in+1(Fn))
= f−1n+1(En+1) ∩ f−1n (Fn) ⊆ f−1n (Fn),
i.e. (f−1n (Fn))n∈N is a decreasing sequence of subsets in CJ and
inf
n∈N
f#µ(f
−1
n (Fn)) = inf
n∈N
µ(f−1(f−1n (Fn))) = inf
n∈N
µ(pi−1in (Fn)) = infn∈N
µ(E˜n) > 0.
Therefore,
⋂
n∈N f
−1
n (Fn) ∈ ΣJ and
λ(f−1(
⋂
n∈N
f−1n (Fn))) = ν
(⋂
n∈N
f−1n (Fn)
)
= inf
n∈N
ν(f−1n (Fn)) = inf
n∈N
f#µ(f
−1
n (Fn)) > 0.
This implies that f−1(
⋂
n∈N f
−1
n (Fn)) 6= ∅ as λ(∅) = µ(∅) = 0, since
f−1(
⋂
n∈N
f−1n (Fn)) =
⋂
n∈N
f−1(f−1n (Fn)) =
⋂
n∈N
pi−1in (Fn) =
⋂
n∈N
E˜n.
we have
⋂
n∈N E˜n 6= ∅ and so µ is σ–additive.
We have shown that µ is a finite pre-measure on CI and since XI ∈ CI , the
Caratheodory extension theorem applied to µ guarantees that µ∗ is the unique
extension of µ to σ(CI), which yields the first assertion as σ(CI) = ΣI . Moreover,
we have that µ∗(pi−1i (Ei)) = µ(pi
−1
i (Ei)) = µi(Ei) for all i ∈ I and all Ei ∈ Bi, i.e.,
pii#µ
∗ = µi for all i ∈ I. 
1.4. Extension to Radon measures.
In this subsection we are going to give a detailed proof of a result due to
Prokhorov, Theorem 1.14, which provides a necessary and sufficient condition to
extend cylindrical quasi-measures to Radon measures (see [32], [38]). Before doing
so, let us introduce some notation and a result by Choksi, which is fundamental in
the proof of Prokhorov’s theorem.
Definition 1.12. Let µ be a measure on a σ–ring R of a set X and F ⊆ R.
a) µ is inner regular w.r.t. F if µ(M) = sup{µ(U) : U ∈ F , U ⊆M}, ∀M ∈ F .
b) µ is outer regular w.r.t. F if µ(M) = inf{µ(U) : U ∈ F ,M ⊆ U}, ∀M ∈ F .
We restate the Choksi result in a form which is less general than the original one
in [10, Theorem 1] but sufficient for our purposes.
Theorem 1.13. Let X be a Hausdorff topological space. Denote by F a collection
of compact subsets of X which contains the empty set and is closed under finite
unions and finite intersections. Let µ be a finite, nonneggative and real-valued set
function on F such that
(i) µ is monotone,
(ii) µ is finitely additive and sub-additive,
(iii) If K1,K2 ∈ F with K1 ⊆ K2, then for any ε > 0 there exists K3 ∈ F such
that K3 ⊂ K2 \K1 and µ(K1) + µ(K3) ≥ µ(K2)− ε.
Then µ can be uniquely extended to a measure on the σ–ring S(F) generated by F ,
which is inner regular w.r.t. F .
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We are ready now for the main theorem about extending cylindrical quasi-
measures to Radon measures on the Borel σ–algebra.
Theorem 1.14. Let (I,<) be a directed partially ordered set, T := {(Xi, τi), pii,j , I}
a projective system of Hausdorff topological spaces, {(XI , τI), pii, I} its projective
limit and {µi : i ∈ I} an exact projective system of Radon probability measures
w.r.t. T . Then there exists a unique Radon probability measure ν on XI such that
pii#ν = µi for all i ∈ I if and only if (1.1) holds.
Proof. Denote by µ the cylindrical quasi-measure corresponding to {µi : i ∈ I}. We
show only the sufficiency of (1.1) for the existence and the uniqueness of a Radon
measure extending µ, as the converse direction is easy.
Suppose that (1.1) holds and denote by µ∗ the outer measure associated to µ.
Let ε > 0. Then there exists Kε ⊆ XI compact such that µi(pii(Kε)) ≥ 1− ε. Now
for any U ∈ CI open and such that Kε ⊆ U , we have that U = pi−1i (Ui) for some
i ∈ I and some Ui ∈ Bi. Hence, we have µ(U) = µi(Ui) ≥ µi(pii(Kε)) ≥ 1− ε which
yields
(1.11) µ∗(Kε) ≥ 1− ε
since µ∗ is outer regular w.r.t. the open sets in CI (see Lemma 1.15 for the details).
Using this outer regularity of µ∗, we show in Lemma 1.16 that Theorem 1.13
can be applied to the restriction of µ∗ to the family K of all compact subsets of
(XI , τI), ensuring the existence of an inner regular measure λ which extends µ
∗ ↾K
to S(K).
Let us consider the function
ν(B) := sup{λ(B ∩K) : K ∈ K}, ∀B ∈ BI .
By Lemma 1.17, we have that ν is a Radon probability measure on BI and we claim
that pii#ν = µi for all i ∈ I, i.e., µ(A) = ν(A) for all A ∈ CI .
Let A ∈ CI and ε > 0. By (1.13), there exists C ∈ CI closed such that C ⊆ A and
µ(A) ≤ µ(C) + ε. By (1.12), there exists U1, U2 ∈ CI open such that C ∩Kε ⊆ U1
and µ(U1) ≤ µ∗(C ∩ Kε) + ε as well as C ⊆ U2 and µ(U2) ≤ µ(C) + ε. Note
that Kε = (C ∩ Kε) ∪ ((XI\C) ∩ Kε) ⊆ U1 ∪ (XI\C) and so 1 − ε ≤ µ∗(Kε) ≤
µ(U1 ∪ (XI\C)), which implies
µ((U1 ∪ (XI\C)) ∩ U2) = µ(U1 ∪ (XI\C)) + µ(U2)− µ((U1 ∪ (XI\C)) ∪ U2)
≥ 1− ε+ µ(U2)− 1 = µ(U2)− ε.
On the other hand, µ(U2 ∩ (XI\C)) = µ(U2\C) = µ(U2)− µ(C) ≤ ε and so
µ((U1 ∪ (XI\C)) ∩ U2) ≤ µ(U1) + µ((XI\C)) ∩ U2) ≤ µ(U1) + ε.
Hence, we have got that µ(U2) ≤ µ(U1) + 2ε. Then,
µ(A) ≤ µ(C) + ε ≤ µ(U2) + ε ≤ µ(U1) + 3ε
≤ µ∗(C ∩Kε) + 4ε = λ(C ∩Kε) + 4ε
≤ ν(C) + 4ε ≤ ν(A) + 4ε,
which yields µ(A) ≤ ν(A).
Conversely, by the inner regularity of ν w.r.t. compact sets, for ε > 0 there exists
K ⊆ A compact such that
ν(A) ≤ ν(K) + ε = λ(K) + ε = µ∗(K) + ε ≤ µ(A) + ε.
Hence, ν is an extension of µ to BI . It remains to show the uniqueness of such an
extension.
Suppose that ν′ is another Radon probability measure extending µ to BI . Hence,
ν(A) = ν′(A) for all A ∈ CI . Since CI contains a basis of τI , by Lemma 1.18 we
have that ν and ν′ coincide on BI . 
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Lemma 1.15. Let K be the family of all compact subsets of XI . Then
(1.12) µ∗(A) = inf{µ(U) : U ∈ CI open, A ⊆ U}, ∀A ∈ K ∪ CI .
and
(1.13) µ∗(A) = sup{µ(V ) : V ∈ CI closed, V ⊆ A}, ∀A ∈ CI .
Proof. Let A ∈ CI , say A = pi−1i (Ai) for some i ∈ I and Ai ∈ Bi. As µi is finite
and inner regular w.r.t. compact subsets of Xi, it is outer regular w.r.t. to open
sets in Xi. Hence, for all ε > 0, there is some Ui ∈ Bi open such that Ai ⊆ Ui and
µi(Ai) ≥ µi(Ui)− ε. Setting U := pi−1i (Ui) ∈ CI , we get that U is open and A ⊆ U ,
which yields
µ∗(A) = µ(A) ≥ µ(U)− ε.
Hence, A satisfies (1.12) since ε was arbitrary. Now let K ∈ K and ε > 0. Then
there exists a sequence (An)n∈N such that An ∈ CI for each n ∈ N, K ⊆
⋃
n∈NAn
and µ∗(K) ≥∑n∈N µ(An)− ε. By the first part of this proof, we have that for any
n ∈ N there is Un ∈ CI open such that An ⊆ Un and µ(An) ≥ µ(Un)− 2−nε. Then
K ⊆ ⋃n∈NAn ⊆ ⋃n∈N Un and by the compactness of K there exists N ∈ N such
that K ⊆ ⋃Nn=1 Un =: U ∈ CI . This yields
µ∗(K) ≥
∑
n∈N
µ(An)− ε ≥
∑
n∈N
µ(Un)− 2ε ≥
N∑
n=1
µ(Un)− 2ε ≥ µ(U)− 2ε.
i.e., K satisfies (1.12) since ε was arbitrary.
For any A ∈ CI , by using (1.12) applied to XI \A ∈ CI and the finiteness of µ, we
easily get (1.13). 
Lemma 1.16. Let K be the family of all compact subsets of XI . The set function
µ∗ ↾K extends to a measure λ on the σ–ring S(K) generated by K and λ is inner
regular w.r.t. K.
Proof. Recall that µ∗ ↾K is monotone and subadditive. Let K1,K2 ∈ K be disjoint
and ε > 0. Then, by (1.12), there exists U ∈ CI open and containing K1 ∪ K2
such that µ(U) ≤ µ∗(K1 ∪K2) + ε. Furthermore, by using that the space (XI , τI)
is Hausdorff and CI contains a basis of τI , we can easily show that there exist
U1, U2 ∈ CI disjoint and open such that K1 ⊆ U1 ⊆ U resp. K2 ⊆ U2 ⊆ U .
Therefore, we get that
µ∗(K1) + µ
∗(K2) ≤ µ(U1) + µ(U2) = µ(U1 ∪ U2) ≤ µ(U) ≤ µ∗(K1 ∪K2) + ε
and so the finite additivity of µ∗ ↾K as ε was arbitrary.
Let K1,K2 ∈ K such that K1 ⊆ K2 and let ε > 0. By (1.12), there exists U1 ∈ CI
open and containing K1 such that µ(U1) ≤ µ∗(K1) + ε. Then K3 := K2\U1 is
compact as a closed subset of a compact and K3 ⊆ K2\K1. Hence, by (1.12),
there exists U2 ∈ CI open and containing K3 such that µ(U2) ≤ µ∗(K3) + ε. By
construction, K2 ⊆ U1 ∪ (K2\U1) ⊆ U1 ∪ U2, so that
µ∗(K2) ≤ µ(U1) + µ(U2) ≤ µ∗(K1) + µ∗(K3) + 2ε.
This shows that µ∗ ↾K satisfies the assumptions of Theorem 1.13, which yields the
assertion. 
Lemma 1.17. Let K denote the family of all compact subsets of XI . The function
ν(B) := sup{λ(B ∩K) : K ∈ K}, ∀B ∈ BI
is a finite measure on BI which extends λ and is inner regular w.r.t. K.
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Proof. Note that for any B ∈ BI and any K ∈ K, the set K ∩ B ∈ S(K) since the
Borel σ–algebra is the smallest σ–algebra generated by the collection F of all closed
subsets in (XI , τI) and it is well-known that K ∩ S(F) = S(K ∩ F) (see e.g. [18,
Theorem E, p.25]).
Let (Bn)n∈N be a sequence of pairwise disjoint subsets in BI . Then for all K ∈ K
we have
λ
(⋃
n∈N
Bn ∩K
)
=
∑
n∈N
λ(Bn ∩K) ≤
∑
n∈N
ν(Bn),
which shows that ν is subadditive. Let ε > 0 and n ∈ N. Then there exists Kn ∈ K
such that ν(Bn) ≤ λ(Bn∩Kn)+2−nε. For any fixedN ∈ N, setK :=
⋃N
n=1Kn ∈ K.
Then
ν
(⋃
n∈N
Bn
)
≥ λ
(⋃
n∈N
(Bn ∩K)
)
≥ λ
(
N⋃
n=1
(Bn ∩Kn)
)
=
N∑
n=1
λ(Bn ∩Kn)
≥
N∑
n=1
(ν(Bn)− 2−nε) ≥
N∑
n=1
ν(Bn)− ε.
The arbitrarity of ε and N imply that ν(
⋃
n∈NBn) ≥
∑
n∈N ν(Bn). Hence, ν is a
measure on BI .
Let us show now the inner regularity of ν. Let B ∈ BI and ε > 0. Then,
by definition of ν, there exists K ∈ K such that ν(B) ≤ λ(B ∩ K) + ε. Since
λ is inner regular w.r.t. K, there exists K ′ ⊆ B ∩ K compact and such that
λ(B ∩K) ≤ λ(K ′) + ε and so
ν(B) ≤ λ(B ∩K) + ε ≤ λ(K ′) + 2ε ≤ ν(K ′) + 2ε,
which shows the inner regularity of ν. 
Lemma 1.18. Let (X, τ) be a Hausdorff topological space and A ⊂ Bτ an alge-
bra containing a basis of τ . Two Radon probability measures coinciding on A are
identical.
Proof. Let ν and µ two Radon probability measures coinciding on A. Since ν
and µ are both finite and inner regular w.r.t. compact sets, they are also outer
regular w.r.t. open sets. Then, for any compact subset K of X and for any ε > 0,
there exists U ∈ τ such that K ⊆ U and ν(K) ≥ ν(U) − ε. As A contains a
basis of τ , there are open (Un)n∈Ω ⊆ A with Ω arbitrary index set such that⋃
n∈Ω Un = U . The compactness of K guarantees that there exists N ∈ N such
that K ⊆ ⋃Nn=1 Un =: V ∈ A and so ν(K) ≥ ν(V )− ε. Similarly, we get that there
exists W ∈ A open such that K ⊆ W and µ(K) ≥ µ(W ) − ε. Hence, we obtain
that
ν(K) = inf{ν(V ) : V ∈ A open,K ⊆ V }
and
µ(K) = inf{µ(W ) :W ∈ A open,K ⊆W}.
As by assumption µ = ν on A, we get that ν(K) = µ(K). Hence, µ and ν coincide
on the compact subsets of X and so ν = µ on Bτ since both measures are inner
regular w.r.t. compact subsets of X . 
2. Character space as projective limit
LetA be a real commutative algebra with unit 1 and denote byX(A) its character
space, i.e., the set of all (unitary) homomorphisms α : A → R. In the following
we always assume that X(A) is non-empty. The aim of this section is to identify
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X(A) as projective limit of an appropriate projective system of measurable (resp.
topological) spaces. To this purpose let us start with some fundamental definitions.
For any subalgebra S ⊆ A and any a ∈ S, we define aˆS : X(S) → R by
aˆS(α) := α(a), where X(S) is the character space of S. When the subalgebra is
clear from the context we just write aˆ instead of aˆS . For any S, T subalgebras of
A such that S ⊆ T , we set piS,T : X(T ) → X(S), α 7→ α ↾S to be the canonical
restriction map. Then, for any S, T,R subalgebras of A such that S ⊆ T ⊆ R, we
clearly have
(2.1) piS,R = piS,T ◦ piT,R
and also for all a ∈ S
(2.2) aˆT = aˆS ◦ piS,T .
For any subalgebra S ⊆ A, we endow X(S) with the weakest topology τS on
X(S) such that all the functions aˆS , a ∈ S are continuous and consider onX(S) the
Borel σ–algebra BS w.r.t. τS . Then, for any S, T subalgebras of A such that S ⊆ T ,
the restriction map piS,T : X(T )→ X(S) is both measurable and continuous.
Let us consider the following set
(2.3) J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}.
ordered by the inclusion, which makes it into a directed partially ordered set.
For each S ∈ J , we set for convenience XS := X(S). Thus, {(XS ,BS), piS,T , J}
(resp. {(XS , τS), piS,T , J}) is a projective system of measurable (resp. topological)
spaces. For any S ∈ J set piS := piS,A and denote by ΣJ the smallest σ–algebra on
X(A) such that all the maps piS with S ∈ J are measurable (resp. τJ the weakest
topology on X(A) such that all the maps piS with S ∈ J are continuous).
Proposition 2.1. The measurable space (X(A),ΣJ) together with the maps {piS :
S ∈ J} is the projective limit of the projective system {(XS ,BS), piS,T , J} (resp.
the topological space (X(A), τA) is the projective limit of the projective system
{(XS , τS), piS,T , J}).
Proof. By taking R = A in (2.1), we get piS = piS,T ◦ piT for any S, T ∈ J such that
S ⊆ T . Hence, it remains to show that (X(A),ΣJ) satisfies the universal property
of the projective limit.
Let (Y,ΣY ) be a measurable space and for any S ∈ J let fS : Y → XS be a
measurable map which satisfies fS = piS,T ◦ fT for all T ∈ J such that S ⊆ T .
Define f : Y → X(A), y 7→ f(y), by f(y)(a) := fS(y)(a) for some S ∈ J containing
a. This map is well-defined. Indeed, if y ∈ Y and a ∈ A, then for any S ∈ J such
that a ∈ S we obtain
fS(y)(a) = fS(y)↾〈a〉 (a) = pi〈a〉,S(fS(y))(a) = f〈a〉(y)(a)
since the unital subalgebra 〈a〉 of A generated by a is such that 〈a〉 ∈ J and 〈a〉 ⊆ S.
Moreover, by construction, f satisfies piS ◦ f = fS for all S ∈ J . This together with
the measurability of fS implies that for any S ∈ J and E ∈ BS we have that
f−1(pi−1S (E)) = (piS ◦ f)−1(E) = f−1S (E) ∈ ΣY
Therefore, f is measurable since ΣJ is by definition the σ–algebra generated by the
cylinder sets pi−1S (E) with E ∈ BS and S ∈ J .
Let us show now the uniqueness of f . Suppose there exists g : Y → X(A)
measurable and such that piS ◦ g = fS for all S ∈ J . Then, for any y ∈ Y and
a ∈ A, we have
g(y)(a) = g(y)↾S (a) = (piS ◦ g)(y)(a) = fS(y)(a) = f(y)(a)
where S ∈ J such that a ∈ S.
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This proof shows mutatis mutandis that {(X(A), τJ), piS , J} is the projective
limit of the projective system {(XS , τS), piS,T , J}. Hence, it remains to show that
τA = τJ . Since for any a ∈ A we have aˆA = aˆS ◦ piS for some S ∈ J containing
a, the maps aˆA, a ∈ A are all τJ−continuous and thus, τA ⊆ τJ . Conversely, for
any S ∈ J and for all a ∈ S the maps aˆA are all τA−continuous and so piS is also
τA−continuous as aˆS ◦piS = aˆA. Then the universal property of the projective limit
implies that the identity (X(A)), τA)→ (X(A), τJ ) is continuous, i.e., τJ ⊆ τA. 
It is also possible to identify (X(A),ΣJ ) as the projective limit of a different
projective system using an index set larger than J .
Lemma 2.2. Consider the set
(2.4) I := {S ⊆ A : S countably generated subalgebra of A, 1 ∈ S}
ordered by the inclusion and let ΣI be the smallest σ-algebra on X(A) such that all
the piS with S ∈ I are measurable. Then {(X(A),ΣJ), piS , I} is the projective limit
of the projective system {(XS ,BS), piS,T , I}, where J is as in (2.3).
Proof.
An analogous proof to the one of Proposition 2.1 provides that {(X(A),ΣI), piS , I} is
the projective limit of the projective system {(XS ,BS), piS,T , I}. Hence, it remains
to show that ΣI = ΣJ .
Since J ⊆ I, clearly ΣJ ⊆ ΣI . For the other inclusion, it is enough to show that
for any S ∈ I and any E ∈ τS we have pi−1S (E) ∈ ΣJ since this implies that CI ⊂ ΣJ
and so ΣI ⊆ ΣJ .
Let S ∈ I and let {sn : n ∈ N} be a set of generators of S as R–algebra. The
embedding XS → RN defined by α 7→ (α(sn))n∈N identifies XS with a subset of
RN and so the topology τS is just the topology induced on XS by this embedding
when RN is endowed with the standard product topology. Therefore, since sets of
the form (yj)j∈N :
m∑
j=1
(yj − qj)2 < r
 , r, q1, . . . , qm ∈ Q, m ∈ N
give a basis of the product topology on RN, we have that sets of the form
(2.5)
α ∈ XS : α(r −
m∑
j=1
(sj − qj)2
)
> 0
 , r, q1, . . . , qm ∈ Q, m ∈ N
give a basis of τS on XS . For notational convenience, we denote such basic sets by
USn = {α ∈ XS : α(an) > 0} where (an)n∈N is just an enumeration of the countable
collection {r −∑mj=1(sj − qj)2 : r, q1, . . . , qm ∈ Q, m ∈ N} (c.f. [16, Proposition
2.2]). Thus, for any E ∈ τS we have that E =
⋃
n∈N U
S
n for some subset N of N.
Now, for any n ∈ N, denote by 〈an〉 the unital subalgebra of A generated by an.
Since each an ∈ S, we have 〈an〉 ⊂ S which yields:
pi−1S (U
S
n ) =
{
α ∈ X(A) : piS(α) ∈ USn
}
= {α ∈ X(A) : α↾XS (an) > 0}
=
{
α ∈ X(A) : α↾X〈an〉 (an) > 0
}
=
{
α ∈ X(A) : pi〈an〉(α) ∈ U 〈an〉n
}
= pi−1〈an〉(U
〈an〉
n ) ∈ ΣJ
since 〈an〉 ∈ J and U 〈an〉n ∈ τ〈an〉 ⊂ B〈an〉. Thus pi−1S (E) is a countable union of
elements of ΣJ and hence belongs to ΣJ itself. 
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The following proposition clarifies the relation between the cylinder algebras and
σ–algebras corresponding to the two index sets J and I introduced above.
Proposition 2.3. The following relation holds
(2.6) CJ ⊆ ΣJ = ΣI = CI ,
where the inclusion is strict in general.
Proof. As we have already observed in Section 1 (see Definition 1.3-c)), σ(CJ) = ΣJ
and σ(CI) = ΣI . We will first show that CI is actually a σ–algebra, which in turn
implies that CI = σ(CI) = ΣI . Indeed, for any N countable subset of I we have that
the unital algebra T generated by all S ∈ N is a countably generated subalgebra
of A and so T ∈ I, which yields⋃
S∈N
pi−1S (ES) = pi
−1
T
( ⋃
S∈N
pi−1S,T (ES)
)
∈ CI
for any ES ∈ BS . This argument also makes clear why CJ is not a σ–algebra in
general and so CJ ( σ(CJ ) = ΣJ . This together with Lemma 2.2 completes the
proof of (2.6). 
We can use (2.6) to get a nice representation of closed subsets of (X(A), τA).
Proposition 2.4. Let K ⊆ X(A) be closed. Then
(2.7) K =
⋂
S∈J
pi−1S (piS(K)).
If in addition K ∈ ΣJ , then there exists a countable J ′ ⊆ J and for each S ∈ J ′
there exists a closed subset K(S) of XS such that
(2.8) K =
⋂
S∈J′
pi−1S (K
(S))
holds and piS(K) ⊆ K(S) for all S ∈ J ′.
Proof. Since K is closed and the open cylinder sets in X(A) form a basis for
τA, there exist J
′ ⊆ J and U (S) ∈ τS for each S ∈ J ′ such that X(A) \ K =⋃
S∈J′ pi
−1
S (U
(S)). Thus, we get
K =
⋂
S∈J′
(
XS \ pi−1S (U (S))
)
=
⋂
S∈J′
pi−1S (K
(S)),
where K(S) := pi−1S (XS \ U (S)). Moreover, for each S ∈ J ′ we have
piS(K) = piS
( ⋂
T∈J′
pi−1T (K
(T ))
)
⊆ piS(pi−1S (K(S))) ⊆ K(S).
Hence, we can conclude that
K ⊆
⋂
S∈J
pi−1S (piS(K)) ⊆
⋂
S∈J′
pi−1S (piS(K)) ⊆
⋂
S∈J′
pi−1S (K
(S)) = K.
Now, assume that K ∈ ΣJ (2.6)= CI . Then there exist R ∈ I and a closed subset
WR of (XR, τR) such that K = pi
−1
R (WR). As shown in Lemma 2.2, there exists
N ⊆ N such that XR\WR =
⋃
n∈N pi
−1
Sn,R
(Un) for some Sn ∈ J and open Un ⊆ XSn .
Hence, setting Kn := XSn\Un for each n ∈ N , we get
K = pi−1R (WR) = pi
−1
R
( ⋂
n∈N
pi−1Sn,R(Kn)
)
=
⋂
n∈N
pi−1R (pi
−1
Sn,R
(Kn)) =
⋂
n∈N
pi−1Sn (Kn).
The conclusion follows by setting J ′ := {Sn : n ∈ N}. 
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In the reminder of this section we would like to present how the notions of
constructibly Borel σ−algebra and constructibly Radon measures introduced in
[16] relate to this framework. This will allow us to compare our results for the
moment problem with the corresponding ones in [16] (see Section 3).
Let us start by recalling that in [16, Section 2] the σ−algebra Bc of constructibly
Borel subsets of X(A) is defined to be the σ–algebra generated by all subsets
UAa := {α ∈ X(A) : α(a) > 0} with a ∈ A. In [16, Proposition 2.3] the authors
provide a characterization of Bc, which in our setting translates in the following
result (whose proof we outline here for the sake of clarity).
Proposition 2.5. The σ−algebra Bc of constructibly Borel subsets of X(A) coin-
cides with the cylinder algebra CI for I as in (2.4).
Proof. For any a ∈ A, we have UAa = pi−1S (USa ) for any S ∈ I containing a, where
USa := {α ∈ XS : α(a) > 0}. Since USa ∈ BS, we obtain that UAa ∈ CI for all a ∈ A,
which combined with (2.6) yields Bc ⊆ CI . Conversely, let S ∈ I and E ∈ BS open,
then we showed in the proof of Lemma 2.2 that E can be written as a countable
union of subsets of the form (2.5), i.e., E =
⋃
n∈N U
S
an
with an ∈ S and N ⊆ N.
Hence, pi−1S (E) =
⋃
n∈N pi
−1
S (U
S
an
) =
⋃
n∈N U
A
an
∈ Bc and so CI ⊆ Bc. 
We can then rewrite the definition of constructibly Radon measure [16, Definition
2.4] as follows.
Definition 2.6. A constructibly Radon measure on X(A) is a measure µ on the
cylinder σ–algebra ΣI such that piS#µ is a Radon measure on BS for all S ∈ I.
Remark 2.7.
(i) The restriction of any Radon measure on X(A) to ΣI is a constructibly Radon
measure, but a constructibly Radon measure is not a Radon measure in gen-
eral; neither is it defined on the Borel σ–algebra BA w.r.t. τA nor is it required
to be inner regular. However, it is always a locally finite measure. If the al-
gebra A is countably generated, then both notions coincide since in this case
Bc = BA (see [16, Proposition 2.2]).
(ii) Any constructibly Radon measure on X(A) is also a cylindrical quasi-measure
w.r.t. the projective system {(XS ,BS), piS,T , I}.
We now show that in Definition 2.6 we can replace I by the index set J defined
in (2.3).
Lemma 2.8. Let µ be a measure defined on the cylinder σ–algebra ΣI on X(A)
such that µ(X(A)) = 1. Then µ is constructibly Radon if and only if piS#µ is a
Radon measure on BS for all S ∈ J (i.e., I replaced by J).
Proof. If µ is constructibly Radon, then piS#µ is a Radon measure on BS for all
S ∈ I and so in particular for all S ∈ J .
Conversely, assume that piS#µ is a Radon measure on BS for all S ∈ J and let
R ∈ I\J . Then piR#µ defines a measure on the Borel σ–algebra BR on XR since
piR : (X(A),ΣI) → (XR,BR) is measurable by Proposition 2.1. Let JR := {S ∈
J : S ⊆ R}. Then {(XR,BR), piS,R, JR} is the projective limit of the projective
system P := {(XS ,BS), piS,T , JR} and the family {piS#µ : S ∈ JR} forms an exact
projective of Radon probability measures on P since JR ⊂ J and µ(X(A)) = 1.
Moreover, for any S ∈ JR we have piS,R#(piR#µ) = piS#µ. By Proposition 1.8 the
assumptions of Theorem 1.14 are satisfied since JR is countable. Hence, Theorem
1.14 guarantees that piR#µ is in fact a Radon measure. This shows that µ is
constructibly Radon. 
18 MARIA INFUSINO, SALMA KUHLMANN, TOBIAS KUNA, PATRICK MICHALSKI
Let us now apply Theorems 1.9 and 1.14 to the case of X(A), reformulating
these results in terms of constructibly Radon measures on X(A). This will already
make clear how to cast the results of [16] within this framework (see Section 3).
Corollary 2.9. Let {µS : S ∈ J} be an exact projective system of Radon probability
measures w.r.t. {(XS, τS), piS,T , J}. Then there exists a unique constructibly Radon
measure µ on X(A) such that piS#µ = µS. In particular, µ(X(A)) = 1.
Proof. This is an immediate corollary of Theorem 1.9 and Lemma 2.8. 
Corollary 2.10. Let µ be a constructibly Radon measure on X(A) such that
µ(X(A)) = 1 and set µS := piS#µ for S ∈ J . Then there exists a unique Radon
measure ν on X(A) such that piS#ν = µS for all S ∈ J if and only if (1.1) holds.
Proof. Since µ is constructibly Radon on X(A) and µ(X(A)) = 1, {µS : S ∈ J} is
an exact projective system of Radon probability measures w.r.t. {(XS , τS), piS,T , J}.
Indeed, if S, T ∈ J such that S ⊆ T , then
piS,T#µT = piS,T#(piT#µ) = piS#µ = µS .
The conclusion is then immediate from Theorem 1.14. 
3. Connection with the moment problem
LetA be a unital commutative real algebra andX(A) its character space endowed
with the topology τA. In this section, we deal with Problem 0.1 for Σ being the
Borel σ–algebra BA on (X(A), τA) and more precisely we are interested in finding
necessary and sufficient conditions for the existence of a K–representing Radon
measure on the Borel σ–algebra BA on X(A). To this aim, we will first use the
projective limit structure of X(A) studied in Section 2 to establish a criterion for
the existence of a K–representing measure on the cylinder σ–algebra ΣJ on X(A).
Then, by means of the results in Section 1, we will extend such a representing
measure on ΣJ to a representing Radon measure on BA. Recall that
J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S},
and for any S ⊆ T in J the map piS,T : X(T ) → X(S) is the canonical restriction
and piS := piS,A.
3.1. Main results on Problem 0.1.
Let us first consider Problem 0.1 for K = X(A).
Theorem 3.1. Let A be a unital commutative real algebra, L : A→ R linear with
L(1) = 1 and J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}.
If for each S ∈ J there exists a X(S)–representing Radon measure for L↾S, then
there exists a X(A)–representing measure µ for L on the cylinder σ–algebra ΣJ on
X(A).
If in addition the (ε-K)–condition holds, i.e.
(3.1) ∀ε > 0 ∃ K ⊂ X(A) compact s.t. ∀S ∈ J : piS#µ(piS(K)) ≥ 1− ε,
then there exists a X(A)–representing Radon measure ν for L.
Theorem 3.1 can be derived from the following more general result, by taking
K(S) = X(S) for each S ∈ J , so we provide the proof directly in this more general
case.
Theorem 3.2.
Let A be a unital commutative real algebra, L : A → R linear with L(1) = 1 and
J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. For any S ∈ J , let
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K(S) be a closed subset of X(S) such that piS,T
(
K(T )
) ⊆ K(S) for any T ∈ J
containing S.
If for each S ∈ J there exists a K(S)–representing Radon measure for L↾S, then
there exists a X(A)–representing measure µ for L on the cylinder σ–algebra ΣJ and
µ is supported on each pi−1S
(
K(S)
)
with S ∈ J .
If in addition {piS#µ : S ∈ J} fulfils (3.1), then there exists a
(⋂
S∈J pi
−1
S
(
K(S)
))
–
representing Radon measure ν for L (ν uniquely extends µ).
For the proof of Theorem 3.2 we need two preliminary results and observations.
Let S ∈ J and set, for convenience, XS := X(S) . The space (XS , τS) is a
locally compact Hausdorff space, since it is topologically embedded into Rn for some
n ∈ N endowed with the euclidean topology. Hence, the spaceM(XS) of all Radon
measures on XS can be endowed with the vague topology ωS, i.e. the coarsest
topology on M(XS) such that for all f ∈ Cc(XS) the map XS → R, µ 7→
∫
f dµ is
continuous. The following proposition is a refinement of [36, Theorem 1.19].
Proposition 3.3. Let S ∈ J , K(S) ⊆ XS be closed and LS : S → R linear
with L(1) = 1. Then R(LS ,K(S)) is compact in (M(XS), ωS), where R(LS ,K(S))
denotes the set of all K(S)–representing Radon measures on BS for LS.
Proof. The set E := {aˆ : a ∈ S} is an adapted subspace of C(XS) as clearly
E = E+ − E+, where E+ := {aˆ ∈ E : aˆ(α) ≥ 0 for all α ∈ XS}, 1ˆ ∈ E+ and
1ˆ(α) = 1 > 0 for all α ∈ XS and aˆ ∈ E+ is dominated by (
∑d
i=1 aˆ
2
i ) · aˆ ∈ E+, where
a1, . . . , ad ∈ S are generators for S. Hence, R(LS , XS) is compact in (M(XS), ωS)
by [36, Theorem 1.19]. Thus, it remains to show that R(LS ,K(S)) ⊆ R(LS , XS) is
closed.
Let (µλ)λ∈Λ ⊆ R(LS ,K(S)) be a net converging to some µ ∈ M(XS). As
R(LS , XS) is compact and (µλ)λ∈Λ ⊆ R(LS , XS) we obtain that µ ∈ R(LS , XS)
and so µ is XS–representing Radon measure for LS. Moreover, the Portmanteau
Theorem [36, Proposition A.8] implies that µ(K(S)) ≥ lim supλ∈Λ µλ(K(S)) = 1,
i.e. µ is supported on K(S) and so µ ∈ R(LS ,K(S)). 
The following lemma will be crucial in the proof of Theorem 3.2.
Lemma 3.4.
Let A be a unital commutative real algebra, L : A → R linear with L(1) = 1 and
J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. For any S ∈ J , let
K(S) be a closed subset of X(S) such that piS,T
(
K(T )
) ⊆ K(S) for any T ∈ J
containing S.
If for each S ∈ J there exists a K(S)–representing Radon measure for L ↾S,
then there exists an exact projective system of Radon measures {µS : S ∈ J} on
{(XS ,BS), piS,T , J} such that µS is K(S)–representing for L↾S.
Proof. For convenience, denote by RS := R(L ↾S ,K(S)) the set of all K(S)–
representing measures for L ↾S for S ∈ J . By assumption, RS 6= ∅ and moreover,
RS is compact by Proposition 3.3. For any S ⊆ T in J , the map piS,T# : RT →
RS , µT 7→ µT ◦ pi−1S,T is well-defined. Indeed, let µT ∈ RT and a ∈ S. Recall that
aˆT = aˆS ◦ piS,T by (2.2) and so
L↾S(a) = L↾T (a) =
∫
K(T )
aˆT (β) dµT (β)
(2.2)
=
∫
K(T )
aˆS(piS,T (β)) dµT (β) =
∫
piS,T (K(T ))
aˆS(α) dpiS,T#µT (α).
Since piS,T#µT (K
(S)) ≥ piS,T#µT (piS,T (K(T ))) ≥ µT (K(T )) = 1 shows that the
measure piS,T#µT is supported onK
(S), this yields piS,T#µT ∈ RS . Furthermore, it
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is easy to show that piS,T# is continuous using the definition of the vague topology.
Altogether, this shows that {(RS , ωS ∩ RS), piS,T#, J} is a projective system of
non-empty compact topological spaces and so, by [8, I., §9.6, Proposition 8], its
projective limit R ⊆∏S∈J RS is non-empty compact. Let (µS)S∈J ∈ R, then {µS :
S ∈ J} is an exact projective system of Radon probabilities on P , as piS,T#µT =
µS ∈ RS for all S ⊆ T in J and moreover, µS ∈ RS for all S ∈ J . 
Proof of Theorem 3.2.
As observed in Proposition 2.1, {(X(A),ΣJ), piS , J} is the projective limit of the
projective system P := {(X(S),BS), piS,T , J}, where BS denotes the Borel σ–
algebra on X(S) w.r.t. τS .
Applying Lemma 3.4, there exists an exact projective system {µS : S ∈ J} of
Radon probabilities on P such that µS is a K(S)–representing Radon measure for
L ↾S for all S ∈ J . Thus, by Theorem 1.9, there exists a unique measure µ on the
cylinder σ–algebra ΣJ on X(A) such that
(3.2) piS#µ = µS , ∀S ∈ J.
Hence, for any a ∈ A, we have a ∈ S for some S ∈ J and so
L(a) = L↾S (a) =
∫
XS
aˆ(β) dµS(β)
(3.2)
=
∫
X(A)
aˆ(piS(β)) dµ(β)
(2.2)
=
∫
X(A)
aˆ(α) dµ(α).
Note that by (3.2) we have µ(pi−1S (K
(S))) = µS(K
(S)) = 1, that is, µ is supported
on each pi−1S (K
(S)) with S ∈ J .
Let us additionally assume that {µS : S ∈ J} fulfils (3.1). Replacing Theorem
1.9 by Theorem 1.14 in the proof above, we obtain that there exists a unique X(A)–
representing Radon measure ν for L such that piS#ν = µS for all S ∈ J . Hence,
ν(pi−1S (K
(S))) = µS(K
(S)) = 1 for all S ∈ J and so ν(⋂S∈J pi−1S (K(S))) = 1 by [38,
Part I, Chapter I, 6.(a)]. 
Corollary 3.5. Let A be a unital commutative real algebra, L : A→ R linear with
L(1) = 1, J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}, and K a
closed subset of X(A).
(i) If for each S ∈ J there exists a piS(K)–representing Radon measure for L ↾S,
then there exists a X(A)–representing measure µ for L on the cylinder σ–
algebra ΣJ and µ is supported on each pi
−1
S (piS(K)) with S ∈ J .
In particular, if K ∈ ΣJ then µ is a K–representing measure for L on ΣJ .
(ii) If for each S ∈ J there exists a piS(K)–representing Radon measure µS for
L ↾S and {piS#µ : S ∈ J} fulfils (3.1), then there exists a K–representing
Radon measure ν for L (ν uniquely extends µ).
Proof. First, let us observe that for any S ⊆ T in J we have piS,T (piT (K)) ⊆ piS(K).
Suppose now that for each S ∈ J there exists a piS(K)–representing Radon measure
for L↾S.
(i) Theorem 3.2 guarantees that there exists a X(A)–representing measure µ for
L on the cylinder σ–algebra ΣJ which is supported on each pi
−1
S (piS(K)) for
all S ∈ J . In particular, if K ∈ ΣJ Proposition 2.4 guarantees the existence
of J ′ ⊆ J countable such that for any S ∈ J ′ there exists closed K(S) ⊆ XS
such that piS(K) ⊆ K(S) and K =
⋂
S∈J′ pi
−1
S (K
(S)). Since for each S ∈ J ′
the measure µ is supported on pi−1S (piS(K)) and piS(K) ⊆ K(S), we get that
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µ(pi−1S (K
(S))) = 1. Therefore,
µ(X(A)\K) = µ
(
X(A)\
⋂
S∈J′
pi−1S (K
(S))
)
= µ
( ⋃
S∈J′
X(A)\pi−1S (K(S))
)
≤
∑
S∈J′
µ(X(A)\pi−1S (K(S))) = 0.
(ii) If {piS#µ : S ∈ J} fulfils (3.1), then the existence of a (
⋂
S∈J pi
−1
S (piS(K)))–
representing Radon measure ν for L is guaranteed by Theorem 3.2. Since
(2.7) ensures that K =
⋂
S∈J pi
−1
S (piS(K)), we get the conclusion.

Remark 3.6. If in Theorem 3.2 we also assume the uniqueness of the K(S)–
representing Radon measure for L ↾S for each S ∈ J , then µ is the unique X(A)–
representing measure for L on ΣJ supported on each pi
−1
S
(
K(S)
)
with S ∈ J (the
same holds for Corollary 3.5 replacing K(S) by piS(K)). Indeed, assume there exists
a unique K(S)–representing Radon measure for L↾S for each S ∈ J . If µ′ is another
X(A)–representing measure of L on ΣJ supported on each pi
−1
S
(
K(S)
)
with S ∈ J ,
then piS#µ
′ = piS#µ as both pushforward measures are K
(S)–representing for L ↾S
for all S ∈ J and so µ′ = µ by Theorem 1.9. Similarly, the uniqueness of the
(
⋂
S∈J pi
−1
S (K
(S)))–representing measure ν for L on BA follows replacing Theorem
1.9 with Theorem 1.14.
Remark 3.7. Theorem 3.2 remains true if the existence of a K(S)–representing
measure for L ↾S is assumed only for all S in a cofinal subset J
′ of J (the same
holds for Corollary 3.5 replacing K(S) by piS(K)). In fact, by Proposition 1.2,
the projective limits of the corresponding projective systems give rise to the same
measurable space (X(A),ΣJ). Furthermore, if S ∈ J there exists T ∈ J ′ such
that S ⊆ T , then piS,T (K(T )) ⊆ K(S) implies pi−1T (K(T )) ⊆ pi−1S (K(S)). Therefore,
the representing measures obtained by Theorem 3.2 (resp. Corollary 3.5) with J
replaced by J ′ are still supported on each pi−1S (K
(S)) with S ∈ J respectively, on⋂
S∈J pi
−1
S (K
(S)) =
⋂
S∈J′ pi
−1
S (K
(S)).
Theorem 3.1, Theorem 3.2 and Corollary 3.5 build a bridge between the moment
theory in finite and infinite dimensions. Indeed, they allow us to lift many of the
classical results for the finite dimensional moment problem up to the general setting
of Problem 0.1.
3.2. Riesz-Haviland theorem.
In this subsection we are going to generalize classical Riesz-Haviland theorem
[33], [19] for the polynomial algebra to any unital commutative real algebra. To
this purpose, we give a version of the Riesz-Haviland theorem for finitely generated
algebras which is an easy generalization of the classical result.
Given a unital commutative real algebra A and K ⊆ X(A), we define
PosA(K) := {a ∈ A : aˆA(α) ≥ 0 for all α ∈ K}.
Theorem 3.8. Let A be a unital commutative real algebra generated by a1, . . . , ad ∈
A and K ⊆ X(A) closed. If L : A → R is linear with L(1) = 1 and such that
L(PosA(K)) ⊆ [0,∞), then there exists a K–representing Radon measure for L on
BA.
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Proof. Set R[X ] := R[X1, . . . , Xd]. The map ϕ : R[X]→ A,Xi 7→ ai is a surjective
ring homomorphism. Using [29, Proposition 5.4.5] it can be shown that the map
ψ : Z(ker(ϕ)) → X(A) given by ψ(x)(ϕ(p)) := p(x) is an isomorphism, where
Z(ker(ϕ)) = {x ∈ Rd : p(x) = 0 for all p ∈ ker(ϕ)} ⊆ Rd.
Set K˜ := ψ−1(K), then ϕ−1(PosA(K)) = PosR[X](K˜) and the linear functional
L˜ := L ◦ ϕ : R[X] → R satisfies L˜(PosR[X](K˜)) ⊆ [0,∞). Hence, by the classical
Riesz-Haviland theorem, there exists a K˜–representing Radon measure µ˜ for L˜ on
Rd. It is then easy to show that µ := ψ#µ˜ is a K–representing Radon measure for
L on X(A). 
As a direct consequence of Corollary 3.5, we get the following generalized version
of the Riesz-Haviland theorem.
Theorem 3.9. Let A be a unital commutative real algebra, L : A→ R linear such
that L(1) = 1 and J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. Let
K ⊆ X(A) be closed.
(i) If L(PosA(K)) ⊆ [0,∞), then there exists a X(A)–representing measure µ for
L on the cylinder σ–algebra ΣJ and µ is supported on each pi
−1
S (piS(K)) with
S ∈ J . In particular, if K ∈ ΣJ , then µ is a K–representing measure for L
on ΣJ .
(ii) If L(PosA(K)) ⊆ [0,∞) and {piS#µ : S ∈ J} fulfils (3.1), then there exists a
K–representing Radon measure ν for L.
Proof. Let S ∈ J , i.e. S is finitely generated, and suppose L(PosA(K)) ⊆ [0,∞).
Since PosA(K) ∩ S = PosS(piS(K)), we have L ↾S (PosS(piS(K))) ⊆ [0,∞). Hence,
by Theorem 3.8, there exists a piS(K)–representing Radon measure for L ↾S on
BS . Then, by applying Corollary 3.5-(i), we get the conclusion (i). If in addition
{piS#µ : S ∈ J} fulfils (3.1), then we get (ii) by Corollary 3.5-(ii). 
By applying Theorem 3.9 and Lemma 2.8 to A = R[Xi : i ∈ Ω] with Ω an
arbitrary index set and using Lemma 2.8, we retrieve [16, Theorem 5.1] as the
assumptions on the support in [16, Theorem 5.1] imply that it belongs to the
cylinder σ–algebra. If Ω is countable, we similarly derive [1, Theorem 5.1] from
Theorem 3.9. Another special case of Theorem 3.9 is the following result [29,
Theorem 3.2.2].
Theorem 3.10. Let A be a unital commutative real algebra and K ⊆ X(A) closed.
Assume there exists a ∈ A such that aˆ ≥ 0 on K and Kn := {α ∈ X(A) : aˆ(α) ≤ n}
is compact for each n ∈ N. Then, for each L : A → R linear such that L(1) = 1
and L(PosA(K)) ⊆ [0,∞) there exists a K–representing Radon measure ν for L.
Proof. By Theorem 3.9, there exists a X(A)–representing measure µ for L on ΣJ .
It remains to show that {piS#µ : S ∈ J} fulfils (3.1). Let ε > 0. By assumption
we have that Kn ⊆ Kn+1 for all n ∈ N and X(A) =
⋃
n∈NKn. Moreover, Kn ∈ CJ
for all n ∈ N. Then, by the continuity of µ from below, we have limn→∞ µ(Kn) =
µ
(⋃
n∈NKn
)
= µ(X(A)) = 1 and so there exists n ∈ N such that µ(Kn) ≥ 1 − ε.
This yields
piS#µ(piS(Kn)) = µ(pi
−1
S (piS(Kn))) ≥ µ(Kn) ≥ 1− ε.
Thus, there exists a K–representing Radon measure for L by Theorem 3.9-(ii). 
3.3. Nussbaum theorem.
In this subsection, we are going to extend to the classical Nussbaum theorem
[31, Theorem 10] to any unital commutative real algebra. Note that the classical
Nussbaum theorem has been recently generalized to the case of representing Radon
measures supported on subsets of Rd determined by polynomial inequalities (see
PROJECTIVE LIMITS TECHNIQUES FOR THE INFINITE DIMENSIONAL MP 23
e.g. [27, Theorem 3.2] and [24, Theorem 5.1]). Therefore, we first generalize this
result to any finitely generated algebra.
Recall that a quadratic module Q in a unital commutative real algebra A is a
subset Q of A such that 1 ∈ Q, Q+Q ⊆ Q and a2Q ⊆ Q for each a ∈ A. Further,
given a sequence of positive real numbers (Mn)n∈N0 , the class C{Mn} := {f ∈
C∞(R) : ∃ βf , Bf ∈ R+ s.t. ‖Dnf‖∞ ≤ βfBnfMn, ∀n ∈ N0} is quasi-analytic if for
any f ∈ C{Mn} such that (Dnf)(0) = 0 for all n ∈ N0, we have f(x) = 0 for all
x ∈ R (here Dnf denotes the n−th derivative of f , ‖·‖∞ the supremum norm).
Theorem 3.11.
Let A be unital commutative real algebra generated by a1, . . . , ad ∈ A. If L : A→ R
is linear with L(1) = 1 and such that
(i) L(Q) ⊆ [0,∞) for some quadratic module Q in A,
(ii) for each i ∈ {1, . . . , d}, the class C{
√
L(a2ni )} is quasi-analytic,
then there exists a unique KQ–representing Radon measure ν for L, where
KQ := {α ∈ X(A) : aˆ(α) ≥ 0 for all a ∈ Q}
Proof. Set R[X ] := R[X1, . . . , Xd]. The map ϕ : R[X]→ A,Xi 7→ ai is a surjective
ring homomorphism. Using [29, Proposition 5.4.5] it can be shown that the map
ψ : Z(ker(ϕ)) → X(A) given by ψ(x)(ϕ(p)) := p(x) is an isomorphism, where
Z(ker(ϕ)) = {x ∈ Rd : p(x) = 0 for all p ∈ ker(ϕ)} ⊆ Rd.
Set Q˜ := ϕ−1(Q) and note that K
Q˜
= ψ−1(KQ), where KQ˜ := {x ∈ Rd :
q(x) ≥ 0 for all q ∈ Q˜}. The linear functional L˜ := L ◦ ϕ : R[X] → R satisfies
L˜(Q˜) ⊆ [0,+∞) as L(Q) ⊆ [0,∞) by (i). Moreover, the class C
{√
L˜(X2ni )
}
is quasi-analytic by (ii) as L˜(X2ni ) = L(a
2n
i ) for all n ∈ N and all i ∈ {1, . . . , d}.
Hence, by [24, Theorem 5.1], there exists a unique K
Q˜
–representing Radon measure
µ˜ for L˜ on Rd. It is then easy to show that µ := ψ#µ˜ is the unique KQ–representing
Radon measure for L on X(A). 
As a direct consequence of Theorem 3.2 and Theorem 3.11, we get the following
result which can be seen as a version of the classical Nussbaum theorem for any
unital commutative real algebra.
Theorem 3.12. Let A be a unital commutative real algebra generated by B ⊆ A
and J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. If L : A → R is
linear with L(1) = 1 and such that
(i) L(Q) ⊆ [0,+∞) for some quadratic module Q in A,
(ii) for each a ∈ B, the class C{√L(a2n)} is quasi-analytic,
then there exists a unique X(A)–representing measure µ for L on ΣJ such that µ
is supported on each pi−1S (KQ∩S) with S ∈ J , where KQ∩S := {α ∈ X(S) : aˆ(α) ≥
0 for all a ∈ Q ∩ S}.
If in addition {piS#µ : S ∈ J} fulfils (3.1), then there exists a unique KQ–repre-
senting Radon measure ν for L, where KQ := {α ∈ X(A) : aˆ(α) ≥ 0 for all a ∈ Q}.
Proof. Let J ′ := {SF : F ⊆ B finite}, where SF is the unital subalgebra of A
generated by F . Note that for any S ⊆ T in J ′ we have piS,T (KQ∩T ) ⊆ KQ∩S .
Let F ⊆ B finite and set S := SF ∈ J ′. Then L ↾S (Q ∩ S) ⊆ [0,+∞) and for
each a ∈ F the class C{√L↾S (a2n)} is quasi-analytic. Thus, by Theorem 3.11,
there exists a KQ∩S–representing Radon measure µS for L ↾S. Since B generates
A, the set J ′ is cofinal in J and hence, Remark 3.7 ensures that we can apply the
first part of Theorem 3.2. Thus, there exists a unique X(A)–representing measure
µ for L on the cylinder σ–algebra ΣJ on X(A) such that µ is supported on each
pi−1S (KQ∩S) for all S ∈ J .
24 MARIA INFUSINO, SALMA KUHLMANN, TOBIAS KUNA, PATRICK MICHALSKI
If in addition {piS#µ : S ∈ J} fulfils (3.1), then we can apply the second part of
Theorem 3.2 and get that there exists a unique measure KQ–representing Radon
measure ν for L since KQ =
⋂
S∈J pi
−1
S (KQ∩S). 
Remark 3.13. If there exists S ∈ I such that the quadratic module Q is generated
by Q ∩ S, then KQ = pi−1S (KQ∩S) ∈ CI = ΣJ . Indeed, let α ∈ pi−1S (KQ∩S) and
a ∈ Q, say a = ∑ni=1 siqi, where si ∈ ∑A2, qi ∈ Q ∩ S and q1 = 1. Then
α(a) =
∑n
i=1 α(si)α(qi) ≥ 0 since α is a character and α ↾S∈ KQ∩S. The other
inclusion is clear.
For the convenience of the reader, we state here a special case of Theorem 3.12
without analysis of the support, i.e. taking Q =
∑
A2.
Theorem 3.14. Let A be a unital commutative real algebra generated by B ⊆ A
and J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. If L : A → R is
linear with L(1) = 1 and such that
(i) L(a2) ≥ 0 for all a ∈ A,
(ii) for each a ∈ B, the class C{√L(a2n)} is quasi-analytic,
then there exists a unique X(A)–representing measure µ for L on the cylinder σ–
algebra ΣJ on X(A). If in addition {piS#µ : S ∈ J} fulfils (3.1), then there exists
a unique X(A)–representing Radon measure ν for L.
Let us observe that, despite the measure µ given by Theorem 3.14 is not a Radon
measure on the Borel σ−algebra on X(A), all piS#µ are Radon measures on XS for
all S ∈ J and so Lemma 2.8 guarantees that µ is a constructibly Radon measure
on X(A). Therefore, we can derive the following result [16, Corollary 4.8] from
Theorem 3.14.
Corollary 3.15. Let R[Xi : i ∈ Ω] be the algebra of real polynomials in the variables
{Xi : i ∈ Ω} with Ω arbitrary index set and L : R[Xi : i ∈ Ω] → R linear with
L(1) = 1. If
(i) L(p2) ≥ 0 for all p ∈ R[Xi : i ∈ Ω],
(ii) for all i ∈ Ω, Carleman’s condition ∑∞n=1 12n√L(X2n
i
)
=∞ is satisfied,
then there exists a unique RΩ–representing constructibly Radon measure ν for L.
Proof. By Denjoy-Carlemann theorem, (ii) is equivalent to the quasi-analiticity of
the class C{√L(X2ni )} for each i ∈ Ω. Hence, all the assumptions of the first part
of Theorem 3.14 are fulfilled for A = R[Xi : i ∈ Ω] and we get that there a unique
RΩ–representing measure µ for L on the cylinder σ–algebra on RΩ, which as we
have already observed above is indeed a constructibly Radon measure on RΩ. 
Let us make some further remarks on Corollary 3.15.
• If Ω is finite, then the previous theorem reduces to Nussbaum’s theorem
[31, Theorem 10]. Indeed, any constructbly Radon measure on Rd is a Borel
measure and any finite Borel measure on Rd is Radon (since Rd is a Polish
space and so a Radon space).
• If Ω is countable, then ν is a Radon measure. Indeed, in this case by
Remark 2.7 the cylinder σ–algebra ΣJ and the Borel σ–algebra coincide on
RΩ, where the index set J is defined as in Theorem 3.1 for A = R[Xi :
i ∈ Ω]. Moreover, since Ω is countable, J is also countable and so by using
Proposition 1.8 and Theorem 1.14 we have that ν is a Radon measure on
RΩ.
If A = S(V ) is the symmetric algebra of a real vector space V , then we obtain
the following result by applying Theorem 3.9 under the hypothesis (i) below and
Theorem 3.12 under the hypothesis (ii).
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Corollary 3.16. Let S(V ) be the symmetric algebra of a real vector space V ,
L : S(V )→ R linear and assume that either
(i) L(Pos(X(S(V )))) ⊆ [0,∞), or
(ii) L(a2) ≥ 0 for all a ∈ S(V ) and the class C{√L(a2n)} is quasi-analytic for all
a ∈ V .
Then there exists a X(S(V ))–representing measure µ for L on ΣJ .
Note that J ′ := {S(W ) : W ⊆ V finite dim.} is cofinal in J = {S ⊆ A :
S finitely generated subalgebra of S(V ), 1 ∈ S} and so ΣJ = ΣJ′ by Remark 3.7.
Denote by V ∗ the algebraic dual of V . Then the restriction piV : X(S(V )) →
V ∗, α 7→ α↾V is a bijection and thus, for any a ∈ S(V )
L(a) =
∫
X(S(V ))
aˆS(V ) dµ =
∫
X(S(V ))
aˆS(V ) ◦ pi−1V ◦ piV dµ =
∫
V ∗
aˆV dpiV #µ,
where aˆV := aˆS(V ) ◦pi−1V . The function (piV #µ)↾piV (CJ′) is a cylinder measure in the
sense of [37, Definition 1] and so we have retrieved the first part of [37, Theorem 16]
from Corollary 3.16 since the quasi-analyticity of the class C{√L(a2n)} is equiv-
alent to the Carleman condition
∑∞
n=1
1
2n
√
L(a2n)
= ∞ by the Denjoy-Carleman
theorem. However, piV #µ is actually a V
∗–representing measure while the repre-
senting cylinder measures obtained in [37, Theorem 16] are not measures in general.
Condition (ii) in Theorem 3.12 can be relaxed as shown by the following result,
obtained by adapting the proof of [30, Corollaries 4.7 and 4.8] to our general setting.
The new condition so obtained is strictly weaker then (ii) in Theorem 3.12 (argue
as in [16, Remark 4.7]).
Theorem 3.17. Let A be a unital commutative real algebra generated by B ⊆ A
and J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. If L : A → R is
linear with L(1) = 1 and such that
(i) L(Q) ⊆ [0,+∞) for some quadratic module Q in A,
(ii) ∀b ∈ B ∃ (cb,k)k∈N ⊆ A⊗ C : limk→∞ L
(∣∣1− (1 + b2)cb,kcb,k∣∣2) = 0
then there exists a unique X(A)–representing measure µ for L on ΣJ such that µ
is supported on each pi−1S (KQ∩S) with S ∈ J , where KQ∩S := {α ∈ X(S) : aˆ(α) ≥
0 for all a ∈ Q ∩ S}.
If in addition {piS#µ : S ∈ J} fulfils (3.1), then there exists a unique KQ–repre-
senting Radon measure ν for L, where KQ := {α ∈ X(A) : aˆ(α) ≥ 0 for all a ∈ Q}.
Proof. As in the proof of Theorem 3.12 let J ′ := {SF : F ⊆ B finite} and note that
for any S ⊆ T in J ′ we have piS,T (KQ∩T ) ⊆ KQ∩S .
Let F ⊆ B be finite, set S := SF ∈ J ′ and p :=
∏
b∈F (1 + b
2). Then by [28,
Proposition 4.2], for any a ∈ A there existm,n, l ∈ N such that pm(lpn−a) ∈ Q∩S,
i.e. lpn−a ∈ (Q∩S)p, where (Q∩S)p := {a ∈ S : p2ma ∈ Q∩S for some m ∈ N} is
a quadratic module in S. Note that KQ∩S = K(Q∩S)p . Since for each a ∈ S, b ∈ F
and k ∈ N
L(a− (1 + b2)cb,kcb,ka)2 ≤ L(a2)L
(∣∣1− (1 + b2)cb,kcb,k∣∣2)
by the Cauchy-Schwarz inequality, we obtain
(3.3) L(a) = lim
k→∞
L((1 + b2)cb,kcb,ka).
Now, let p2ma ∈ Q ∩ S, i.e. a ∈ (Q ∩ S)p, and b ∈ F , then by (3.3)
L
(
p2m
(1+b2)a
)
= lim
k→∞
L
(
(1 + b2)cb,kcb,k
p2m
(1+b2)a
)
= L
(
cb,kcb,kp
2ma
) ≥ 0
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as cb,kcb,kp
2ma ∈ Q. Iterating this procedure yields L ↾S (a) = L(a) ≥ 0, i.e.
L ↾S ((Q ∩ S)p) ⊆ [0,∞). Hence, by [28, Corollary 3.4, Remark 3.5] there exists a
unique K(Q∩S)–representing Radon measure µS for L ↾S and we can proceed as in
the proof of Theorem 3.12. 
Applying Theorem 3.17 to A = R[Xi : i ∈ Ω] with Ω an arbitrary index set,
we retrieve [16, Theorems 4.6 and 5.2]. Note that the condition on the quadratic
module in [16, Theorems 5.2] ensures that KQ ∈ ΣJ by Remark 3.13.
3.4. The Archimedean condition.
The second parts of Theorem 3.1 and Theorem 3.2 highlight the importance of
the additional assumption (3.1) in getting a representing Radon measure for the
starting functional L. This leads us to the fundamental problem of understanding
under which assumptions on L and A the condition (3.1) holds.
In this respect, we will first show that assuming the Archimedianity of the qua-
dratic module in Theorem 3.12 guarantees that (3.1) holds and so allows to retrieve
the well-known Jacobi-Prestel Positivstellensatz [25], which we restate here in its
counterpart for the moment problem.
Theorem 3.18. Let A be a unital commutative real algebra and L : A→ R linear
such that L(1) = 1. If L(Q) ⊆ [0,+∞) for some Archimedean quadratic module
Q in A, then there exists a KQ–representing Radon probability measure ν, where
KQ := {α ∈ X(A) : aˆ(α) ≥ 0 for all a ∈ Q}.
Recall that a quadratic module Q of A is Archimedean if for any a ∈ A there
exists n ∈ N such that n± a ∈ Q.
Proof. Let J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. We have
seen that T := {(X(S), τS), piS,T , J} is a projective system of Hausdorff topological
spaces. Since Q is Archimedean, for each a ∈ A there exists a nonnegative integer
N such that N2±a2 ∈ Q. Then the nonneggativity of L on Q implies that L(a2n) ≤
N2n for all n ∈ N and so ∑∞n=1 12n√L(a2n) = ∞. Hence, the class C{√L(a2n)} is
quasi-analytic and therefore, by Theorem 3.12, there exists a X(A)–representing
measure µ for L on the cylinder σ–algebra ΣJ on X(A) such that
(3.4) µ
(
pi−1S (KQ∩S)
)
= 1, ∀S ∈ J.
Let S ∈ J and set µS := piS#µ. Since Q is an Archimedian quadratic module of A,
we have that Q ∩ S is an Archimedian quadratic module of S. Hence, KQ∩S is a
compact subset of X(S) and µS(KQ∩S))
(3.4)
= 1. Moreover, for any T,R ∈ J such
that S ⊆ T ⊆ R, we have piT,R(KQ∩R) ⊆ KQ∩T . Thus, the exact projective system
of Radon probability measures {µS : S ∈ J} fulfils (3.1) by Proposition 1.7 and so
the second part of Theorem 3.12 ensures that there exists a uniqueKQ–representing
Radon measure ν for L. 
Applying Theorem 3.18 to R[Xi : i ∈ Ω] with Ω countable and using the following
proposition we retrieve [1, Theorem 5.5]. Recall that a preordering Q in A is a
quadratic module in A such that Q ·Q ⊆ Q.
Proposition 3.19. Let Q be a preordering in A. If for all S ∈ J the preordering
Q ∩ S in S is finitely generated and KQ∩S is compact, then Q is Archimedean.
Proof. Let S ∈ J , then S is finitely generated and hence, Q ∩ S is Archimedean
by [29, Theorem 6.1.1] (note that [29, Theorem 6.1.1] indeed holds for any finitely
generated R–algebra as pointed out below [29, Corollary 6.1.4]). Thus if a ∈ A,
then a ∈ S for some S ∈ J and so there exists n ∈ N such that n± a ∈ Q∩ S ⊆ Q,
i.e. Q is Archimedean. 
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We will now show that it is possible to relax the assumptions in Theorem 3.18
and so to solve Problem 0.1 for a larger class of linear functionals having a not
necessarily compactly supported representing measure.
Theorem 3.20. Let A be a unital commutative real algebra, Q be a quadratic
module in A and L : A → R be a linear functional such that L(1) = 1. If L(Q) ⊆
[0,+∞) and there exist unital subalgebras Ba, Bc of A such that
(i) Ba ∪Bc generates A as a real algebra,
(ii) Q ∩Ba is Archimedean in Ba,
(iii) Bc is countably generated and for each a ∈ Bc the class C{
√
L(a2n)} is quasi-
analytic;
then there exists a unique KQ–representing Radon measure ν for L, where KQ :=
{α ∈ X(A) : aˆ(α) ≥ 0 for all a ∈ Q}.
Proof. Let J := {S ⊆ A : S finitely generated subalgebra of A, 1 ∈ S}. We have
seen that T := {(X(S), τS), piS,T , J} is a projective system of Hausdorff topological
spaces.
By assumption (ii) we know that for each a ∈ Ba there exists N ∈ N such that
N2±a2 ∈ Q. Then the nonneggativity of L on Q implies that L(a2n) ≤ N2n for all
n ∈ N, which implies in turn that ∑∞n=1 12n√L(a2n) = ∞. The latter together with
(iii) implies that the class C{√L(a2n)} is quasi-analytic for all a ∈ Ba ∪Bc. Since
Ba ∪Bc generates A by (i), this together with the nonneggativity of L on Q allows
to apply Theorem 3.12, which guarantees the existence of a X(A)–representing
probability measure µ for L on the cylinder σ–algebra ΣJ on X(A). As shown in
the proof of Theorem 3.12, for each S ∈ J , the measure µS := piS#µ is the unique
KQ∩S–representing probability measure for L ↾S . Thus, it remains to show that
{µS : S ∈ J} fulfils (3.1).
Consider the subsets Ja := {S ∈ J : S ⊆ Ba} and Jc := {S ∈ J : S ⊆ Bc}
of J . By applying Theorem 3.18 to L ↾Ba and the Archimedean quadratic module
Q∩Ba, we obtain that there exists a unique KQ∩Ba–representing Radon probability
measure νa for L↾Ba . For any S ∈ Ja and all a ∈ S we obtain
L↾S (a) = L↾Ba (a) =
∫
KQ∩Ba
aˆ(α) dνa(α) =
∫
KQ∩Ba
aˆ(piS,Ba(α)) dνa(α)
=
∫
piS,Ba(KQ∩Ba )
aˆ(β) dpiS,Ba#νa(β),
where piS,Ba(KQ∩Ba) ⊆ KQ∩S , so that piS,Ba#νa is a KQ∩S–representing Radon
measure for L ↾S . Hence, by uniqueness of µS , we have that piS,Ba#νa = µS .
This in turn implies that piBa#µ = νa by Theorem 1.9 since {µS : S ∈ Ja} is
an exact projective system of Radon probability measures and piS,Ba#νa = µS =
piS,Ba#(piBa#µ) for all S ∈ Ja. Similarly, replacing Ba by Bc and Theorem 3.18
by Theorem 3.12, one gets the existence of a KQ∩Bc–representing Radon measure
νc = piBc#µ for L↾Bc (note that the measure obtained by Theorem 3.12 extends to
a Radon measure as Bc is countably generated).
Now, let S ∈ J and ε > 0. Since νc is a Radon measure on X(Bc), there
exists Kc ⊆ X(Bc) compact such that νc(Kc) ≥ 1 − ε. Set Ka := KQ∩Ba and
K := pi−1Ba (Ka) ∩ pi−1Bc (Kc). Note that K is compact in (X(A), τA) as it is a closed
subset of the compact space
∏
a∈Ba
pi〈a〉,Ba(Ka)×
∏
b∈Bc
pi〈b〉,Bc(Kc). Furthermore,
the measure µ is actually defined on the σ–algebra generated by ΣJ , pi
−1
Ba
(Ka) and
pi−1Bc (Kc) since νa = piBa#µ and νc = piBc#µ. In particular, µ is defined for K and
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so we get
µS(piS(K)) = µ(pi
−1
S (piS(K))) ≥ µ(K) = µ(pi−1Ba (Ka) ∩ pi−1Bc (Kc))
= µ(pi−1Ba (Ka)) + µ(pi
−1
Bc
(Kc))− µ(pi−1Ba (Ka) ∪ pi−1Bc (Kc))
= νa(Ka) + νc(Kc)− µ(pi−1Ba (Ka) ∪ pi−1Bc (Kc))
≥ 1 + (1− ε)− 1 = 1− ε,
which shows that (3.1) is satisfied and by Theorem 3.12 there exists a unique X(A)–
representing Radon measure ν for L such that ν(KQ) = 1. 
It remains open the question whether (3.1) implies (ii) in Theorem 3.20.
The previous result is a generalization of [16, Theorem 5.4] which we restate here
for the convenience of the reader.
Corollary 3.21. Let R[Xi : i ∈ Ω] be the algebra of real polynomials in the variables
{Xi : i ∈ Ω} with Ω arbitrary index set, Q a quadratic module in R[Xi : i ∈ Ω] and
L : R[Xi : i ∈ Ω] → R linear such that L(1) = 1. If L(Q) ⊆ [0,+∞) and there
exists Λ ⊆ Ω countable such that
(i) for each i ∈ Ω\Λ the quadratic module Q ∩ R[Xi] is Archimedean,
(ii) for each i ∈ Λ, Carleman’s condition ∑∞n=1 12n√L(X2n
i
)
=∞ is satisfied;
then there exists a unique KQ–representing Radon probability measure µ for L,
where KQ := {x ∈ RΩ : p(x) ≥ 0 for all p ∈ Q}.
3.5. Localizations.
In this subsection, we deal with localizations of a unital commutative real algebra
A. Let {ai : i ∈ Ω} generate A. Denote by D the multiplicative subset of A
generated by 1 and {1+ a2i : i ∈ Ω} and let B := D−1A be the localization of A by
D. Since α(1 + a2i ) ≥ 1 for all i ∈ Ω, the set D does not contain any zero divisor of
A. Hence, A can be identified with a subalgebra of B via a 7→ a1 .
Theorem 3.22. Set J := {S ⊆ B : S finitely generated subalgebra of B, 1 ∈ S}
and let L : B → R be linear such that L(1) = 1. If L(Q) ⊆ [0,+∞) for some
quadratic module Q in B, then there exists a unique X(B)–representing measure µ
for L on ΣJ such that µ is supported on each pi
−1
S (KQ∩S) with S ∈ J .
If in addition {piS#µ : S ∈ J} fulfils (3.1), then there exists a unique KQ–
representing Radon measure ν for L.
Proof. For finite F ⊆ Ω denote by SF the unital subalgebra of A generated by
{ai : i ∈ F} and set pF :=
∏
i∈F (1 + a
2
i ). Then J
′ := {SF [1/pF ] : F ⊆ Ω finite} is
a cofinal subset of J , where SF [1/pF ] :=
{
a
pk
F
: a ∈ SF , k ∈ N0
}
.
Let S = SF [1/pF ] ∈ J ′ for some finite F ⊆ Ω. Then pF satisfies condition (1) in
[28, Proposition 4.2] (see the discussion after the proof of this proposition), where
M = Q ∩ SF (and so M [1/p2F ] = Q ∩ SF [1/pF ]), and so the assumptions of [28,
Corollary 3.4] are fulfilled. Thus, there exists a unique Q ∩ S–representing Radon
measure µS for L ↾S (see [28, Remark 3.5]). Since piS,T is the restriction map,
piS,T (KQ∩T ) ⊆ KQ∩S whenever S ⊆ T in J ′ and therefore, the conclusion follows
at once from Theorem 3.2 (note that KQ =
⋂
S∈J pi
−1
S (KQ∩S)). 
Applying Theorem 3.22 to A = R[Xi : i ∈ Ω] with Ω an arbitrary index set and
Q =
∑
B2 we retrieve [16, Theorem 3.8].
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